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Abstract

Let the unknown true value of a dyp x 1 parameter 6 be 0°. Let 6° satisfy dy > d¢ moment restrictions. Consider a linear
null hypothesis Hy : RO° = ro where R is a fixed, full row-rank, dr X dp known matrix and rg is a dg X 1 known vector. The
conventional projection test rejects Ho at the level « if there does not exist any dg x 1 value 0 in a (1 — «)-level confidence
set for % such that the restriction Ry = ro holds. The probability with which this test rejects Ho, when it is true, cannot
exceed a asymptotically if the asymptotic coverage for the confidence set for 6° is no smaller than 1 — o. However, this test
can be conservative and computationally inconvenient. We propose an improved projection method based on a function of
Neyman’s C-alpha statistic to address both problems. The test is less conservative than the conventional projection test,
but still allows to enforce a user-specified upper bound on its asymptotic rejection probability of the true Hy irrespective of
any identification failure of °. Indeed, under conditions ensuring the local optimality of the classical plug-in-based Wald,
likelihood ratio and score tests for Hg : RO° = 7o, the improved projection test is asymptotically equivalent to them. This

test also addresses the computational problem by requiring the projection from a smaller dimension dy — dr instead of dy.
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1 Introduction

Consider a parameter § € © C R% whose unknown true value §° satisfies the following moment restrictions:

Elg(Z:6°)] =0 (1)

where {Z;}T_| are R%-valued random vectors, ¢(.;6) : R% x © — R% is a known (up to 6) function, and d, > dy.
All expectations are taken with respect to the true joint distribution, call it Fr, of {Z;}1_,. Limits are taken
by letting T — oco. Note that (1) allows for identification failures of #° for a given T or asymptotically as in, e.g.,
Stock and Wright (2000), Kleibergen (2005), Antoine and Renault (2012), Andrews and Guggenberger (2014), etc.
Under this setup, to which we will subsequently impose certain standard restrictions on {Fr : T' > 1} but not

identification of §°, the goal of this paper is to improve the conventional projection test for the null hypothesis

Hy : RA° = r( against the alterative hypothesis H : RA" # rq (2)

where R is a fixed, full row-rank, dgp x dy known matrix, and ro is a dg x 1 known vector.! The case for dp = dy
does not require a non-trivial projection, and is not considered. Instead we maintain that dr < dg and 2 < dg < d.

The conventional projection test rejects Hy at the level « if there does not exist any 6y satisfying Ry = rg
in a (1 — a)-level confidence set for #°. Dufour (1997), Dufour and Jasiak (2001), Dufour et al. (2006), Dufour
and Taamouti (2005, 2007), Dufour et al. (2013), etc. extensively document its usefulness under identification
failure of #°. Given a confidence set for #° with asymptotic coverage 1 — o, the asymptotic size of the conventional
projection test for Hy in (2), based on this confidence set, cannot exceed . Such confidence sets for §°, even under
identification failure of 6°, can be obtained with varying degree of computational ease by inverting, e.g., the S-test
of Stock and Wright (2000), the K-test of Kleibergen (2005), the modifications of Moreira (2003)’s conditional
likelihood ratio (CLR) test as in Kleibergen (2005), Andrews and Guggenberger (2014, 2015), etc.?:3

However, it is known that the conventional projection test can often be very conservative, and indeed needlessly
so if there is no or mild (e.g., Hahn and Kuersteiner (2002), Caner (2010))) identification failure. Also, without a
convenient way of imposing Hy, the test can in general be computationally inconvenient if dy is not very small.

We address these two problems — conservativeness and computational inconvenience — in the context of testing
(2) by means of an improved projection (GMM-LM) test that is based on a function of Neyman (1959)’s C-alpha
statistic and that uses the conventional fixed (x?) critical values.

The construction of the C-alpha statistic for testing Hyp in (2) is important in its own right beyond the paradigm

IThe slightly awkward representation of Hp is still in line with Section 9.1 of Newey and McFadden (1994). We use it to emphasize
that we consider the true 6, and hence R, as fixed but let the hypothesized value ro vary, possibly with sample size T', which is
what determines if Hy is true or false. Accordingly, the assumptions maintained in this paper focus on the fixed true 6°. Contiguity
arguments, when they appear, reflect local deviations of the null from the fixed truth. To avoid confusing the reader due to this, we do
not use the term “local alternatives”. We note that varying the r¢ in practice also directly leads to inversion of the concerned test.

2Also see Staiger and Stock (1997), Dufour (1997), Kleibergen (2002, 2007), Dufour and Taamouti (2005, 2007), Guggenberger and
Smith (2005, 2008), Andrews et al. (2006), Otsu (2006), Mikusheva (2010), Beaulieu et al. (2013), among many others.

30n the other hand, for not to be over-sized, the conventional plug-in tests based on fixed critical values often crucially depend on
consistent estimation of €, which is not necessarily guaranteed under identification failure. Thus, the easy to conduct plug-in tests such
as the Wald and score tests, and the computationally less easy plug-in quasi likelihood ratio test — see Newey and McFadden (1994)
for precise definitions — can be badly over-sized. See Nelson and Startz (1990), Dufour (1997), Staiger and Stock (1997), Zivot et al.
(1998), Stock and Wright (2000), Kleibergen (2002, 2004, 2005), Moreira (2003), Zivot et al. (2006), Guggenberger et al. (2012a), etc.



of projection tests or identification failure. In the special case of R = [I4,,0], the construction of the C-alpha
statistic can be easily reconciled with the idea of the efficient score for the parameter 8 := [I4,,0]0 treating the
parameter v := [0,I4,_4,]0 as unknown, where the efficient score is the residual of the population regression of
the score for 8 on the score for v. To our knowledge, this reconciliation is not apparent from the literature on the
C-alpha statistic for the case of a general R, as in (2), and in the context of moment conditions models, as in (1).
Our paper pays special attention to this reconciliation. We work with a generalization of Neyman’s C-alpha
statistic that has been studied extensively by Smith (1987) and Dagenais and Dufour (1991) (in the likelihood
context), and then establish its numerical equivalence with the efficient score statistic in a re-parameterized model.
As a consequence, the improved projection test can be recast in the re-parameterized model as the test in Chaudhuri
and Zivot (2011) that was developed in Chaudhuri (2008) based on the original work of Robins (2004). (Also see
Zivot and Chaudhuri (2009), Chaudhuri et al. (2010), Chaudhuri and Renault (2011), etc.) Subsequently, we allow
for a very general structure for the identification failure of the elements of ° following Antoine and Renault (2012)
and Andrews and Guggenberger (2014), and study the asymptotic properties of the improved projection test.
The rest of the paper is organized as follows. In Section 2 we describe the improved projection test and the key
idea behind it, we establish its numerical equivalence with the statistic considered in Chaudhuri and Zivot (2011)
in a re-parameterized model, and provide an intuitive justification for its main asymptotic properties. We abstract
from any identification failure in this section to fix ideas. Section 3 states the precise technical assumptions that
are maintained in the paper. Section 3 also formally develops the asymptotic properties of the test and concludes

by discussing the closely related recent literature. Proofs of all the technical results are collected in the Appendix.*

2 The Improved Projection test: Motivation and Definition

2.1 The key idea

The idea behind the reduction of — (a) conservativeness and (b) computational inconvenience — is best explained
by maintaining the classical conditions from, e.g., Newey and McFadden (1994)’s Theorem 9.2 that, importantly,
rule out any identification failure of #°. These conditions are referred to as the NM-9.2 conditions henceforth.

Under the NM-9.2 conditions, the efficient influence function for R0 is -1(Z;;0°) (see Appendix A.1) where
U(Z::6) = R (G OV O)CO) " G O)V 0)9(Z::6).

G(0) == 2 E[9(Z:;0)], V(0) := Var (9(Z:;6)). Therefore, defining gr(0) := Zle 9(Z;;0), the efficient GMM

estimator of RA° has the asymptotically linear representation: /T (]59\0 — RO°) = —/TIr(6°) + 0,(1) where

1 T

r(0) = 5 > UZi30) = R(GOVTHO)GO)) G0V (0)gr(0).

4Given the numerical equivalence with the test statistic in Chaudhuri and Zivot (2011), for brevity we do not present any Monte
Carlo results in this paper. Instead, we refer to Chaudhuri (2008), Zivot and Chaudhuri (2009), Chaudhuri et al. (2010), Chaudhuri
and Zivot (2011) and Chaudhuri and Renault (2011) for extensive simulation evidence documenting the good finite-sample properties
of the improved projection test. Thanks to the results established in Section 2, all such evidence apply directly to the test in our paper.



(a) The first part of the idea is that for local optimality, a test for Hy can be based on an estimator of I(6):
ir(0) == R (Gr(0)Vr (0)Gr(0)) G (0)V; (0)31(0)

where éT(Q) R G(0) and VT(G) TN V(0) uniformly in 6, at least in an open neighborhood of #°. (.)~ stands for

the g-inverse. When dgr > 1, the test has to be based on a quadratic form of the standardized lAT(H), i.e., on

LMr(0) =T x5 (0) (R (G107 0)50(0) 1) Tr(6) 3)

This is Smith (1987)’s LL My, Dagenais and Dufour (1991)’s PC or Newey and McFadden (1994)’s LM, statistic
for testing linear restrictions. It falls under the class of Neyman (1959)’s C-alpha statistic.

In this paper we will always maintain that V() is nonsingular, unlike in Andrews and Guggenberger (2015).
However, in Section 3 (but not in Section 2) we will allow for the column-rank deficiency of G(0) following Antoine
and Renault (2012) and Andrews and Guggenberger (2014) to characterize the identification failure of . Our use
of the g-inverse in the definitions of lAT(H) and LMy (0) reflects our asymmetric treatment of V(6) and G(6).

Define P(D) := D(D'D)~ D’ as the projection matrix for any matrix D. If D is positive semidefinite then let

D2 upper triangular, be such that D = DY/2'DY2 Then a familiar and equivalent representation of LMz () is
S—1/2 /1y~ ! S-1/2, )\ A N anT—1 o\ (5-1/2,, -
Latp(0) =T x (V2 0)90(0)) P (V7 2(0)G20) (GO Vi (0)Gr(0) R ) (Vi 20)90(0)) . (1)

For illustration, let dy = 2 and dr = 1, and to characterize the null hypothesis Hy consider two simple but
common cases: (i) R = [1,0] and (ii) R = [1,1]. Also, let CA}"T(H)‘AfT_l(G)@T(G) be nonsingular (almost surely). Then

it is straightforward to see that LMp(0) = t2 ,,(0) where, under cases (i) and (ii), 1/ (6) is respectively:

Wo2(0)Er1(0) — Wi2(0)Er,2(0) (i) toar(0) = (Wa2(0) — L312( NEr1(0) + (©011(0) — W12(0))r,2(0)

(i) trar(0) = = 2 =
\/wll w 0 — w%z(e) W22(9) \/w11 0 (.UQQ — w12 \/(.L)ll + LU22 9) — 2(.4)12(9)

W;;(0) is the (i, j)-th element of @}(0)?{%9)@7«( ) and &7 ; is the i-th row of G (0 )A YO)WTgr(0) fori,j =1,2.

(b) The second part of the idea is to re-parameterize the system in (1) in order to explicitly impose Hy and
thereby facilitate computation by allowing us to directly work with a reduced dimensional space from which we
do the projection. Accordingly, consider a (dg — dg) X dp matrix S such that the dy x dp matrix Ag = [R',S"],
indexed by S, is nonsingular. S exists since R is full row-rank (e.g., rows of S form a basis of the null space of R).

Now, for this S, use the linear restrictions imposed by Hy to rotate the original parameter vector 6 and define:

(B, 7%) == Agh. (5)

This rotation is different from that considered in Sargan (1983), Phillips (1989), and later in Choi and Phillips
(1992), Zivot et al. (2006), Antoine and Renault (2009, 2012), Andrews and Cheng (2012, 2014), Cheng (2015),

etc. The rotation in (5) isolates the directions in 6 that are identified by the null hypothesis in (2) regardless of the



identification that is due to the model (1), whereas in the aforementioned papers, a rotation is employed to isolate
the directions identified by the model itself. Importantly, the rotation in (5) is enforceable in practice.

(1) and (5) imply that 89 := R and ~9 := S6° are the true values for 3 and 5. The parameter space for
(B',7%) is B x T's where B:={Rf:0 € ©} C R and I's := {50 : 0 € ©} C R¥%~9r. Obviously, by definition,

LMy () = LMy (A5 (8,75)") -
(This is not the invariance to reformulation of Hy.) The same holds for all other quantities that are functions of 6.

2.2 An equivalence relation based on (5) through an alternative construction

The null hypothesis in terms of the new parameters (5, 7’5)/ is Hy : % = rg. Thus 3 is the parameter of interest,
and ~yg is an unknown key nuisance parameter. This directly fits into the framework of Chaudhuri and Zivot (2011)
where the construction of a similar GMM-LM statistic adhered more closely to Neyman (1959)’s original C-alpha
construction. By contrast, a similar adherence is not apparent from the construction of LMy (6) in (3). In this
subsection we reconcile this difference by establishing a suitable equivalence relation between the two constructions.

Note that, given the choice of S in the re-parameterization (5), the scores for 8 and ., by which we mean here
the population version of the optimal rotations, in the efficient GMM sense, of gr(6°) along the directions of 3°

and 79, are I 5.7(6°) :== + ZL lg,5(Z4;0°) and Lyg s 7(6°) == + Zthl lys.5(Z;0°) respectively, where
lo.5(Zi:0) := REG'(O)V(0)9(Z:0), and Ly, 5(Z:;0) := S5 G (0)V ™ (0)g(Z1:0),
and R}g and Sé are respectively dy x dr and dy x (dyg — dg) fixed, known matrices such that
Ag' =[Rs, Sg).

(Quantities dependent on the choice of S in (5) are indexed throughout by the subscript S. While the definition of
B := R does not depend on S, the score for 3 in the re-parameterized model does depend on S through RY.)

The residual from the population regression of lg 5(Z¢;0%) on L,y 5(Z;6°) is lg.~s,5(Z1;6°) where
v 1 v A
s, (Z30) = lp.s(Z:0) = (REQ0)SY) (SEQUOSE)  bhas(Zi:0),

and Q(0) := G'(0)V~1(0)G(). Under the NM-9.2 conditions, it follows that % Zthl lg.ns(Ze;0°) 4 N(0,Z5(6%))
where

=5(0) = (R};Q(e)RlS) - (Rls'gz(e)s;) (s;,’sz(a)sé)_l (s};sz(e)Rg) .

Let Q7p(0) := @}(9)\7771(0)@T(0) be a consistent estimator of (6) and accordingly, let

Esr(0) = (Rg(AZT(Q)Rg)— (Rg’ﬁT(e)Sg) (SgﬁT(e)sg)fl (Sg’ﬁT(e)Rg)

= RYCLO)V; Y 0) (1, - P (V2 (0)Gr(6)S%) ) V2 (0)Gr (0)RY



be a consistent estimator for Zg(@). Then a sample version of lg.o 7(0) := & S°1_, 5.4 (Z; 0) naturally is:
> A ~1/2/ 1/2 1 ~1/2
s, (0) = REG OV 2 (0) (L, - P (Vi (0)Gr(0)S) ) Vi (0)3r 6),

and the GMM-LM statistic in Chaudhuri and Zivot (2011) is a quadratic form of the standardized ZAB,,S’T(H):

[I]>

55 (0) 1s.5.7(0),
/ R (6)
— T x (?;1/2(9)%(9)) P((Id —P(v V2()Gop (9)51)) Vo 2(0)Gr(0)R )(V;I/Z(G)QT(e))

LMZ%S(0) =T x 1. ()

which they refer to as the efficient score statistic, since they refer to Iz 44 7(8) as the efficient score for £.

Lemma 2.1 For a given 6 € interior(©) and T > 1, let QT(Q) be positive definite almost surely. Then LM““ L(9)

is numerically invariant almost surely for any choice of S for which [R',S’]" is nonsingular.

This result builds on Dagenais and Dufour (1991). The other quantities defined so far are not invariant. Using

Lemma 2.1 we then have an equivalence result between the two alternative constructions LMy (6) and LM{}IE(G)

Proposition 2.2 For a given 0 € interior(©) and T > 1, let QT(H) be positive definite almost surely. Then
LMr7(0) = LM%lfg(Q) almost surely for any choice of S for which [R',S']’ is nonsingular.

The final equivalence relation in Proposition 2.2 mimics the same in the likelihood context for the LM (score)
statistics constructed as a standardized quadratic form of either the efficient score function or the efficient influence
function (the latter having a close and direct resemblance with the Wald statistic). In this sense it reaffirms the
connection between the original C-alpha construction of Neyman (1959) and the subsequent ones in Smith (1987)

and Dagenais and Dufour (1991). Although intuitively expected, to our knowledge, this reconciliation is new.

2.3 The projection tests

Our improved projection test for Hy can be conducted in two steps as follows. For some €, > 0 and € + a < 1:

Step 1: obtain a nominal (1 — ¢)-level confidence set C'Ir(vs;e€) for 42;

(7)
Step 2: reject Hy if CIr(vys;e) is empty or if inf LMy (Ag'(ro, 7)) > x5, (1 — @)
Yo ECIT (vs3€)

where X3, (1 — @) is the (1 — a)-th quantile of a central x* distribution with dr degrees of freedom.

CIr(vs;e) can be obtained by inverting e.g. the S-test, the K-test, modifications of Moreira (2003)’s CLR
test (see Kleibergen (2005), Andrews and Guggenberger (2014, 2015)) for ~g, while treating 6 = ¢ as known. In
practice, the operations required in steps 1 and 2 can be simultaneously conducted since, to fail to reject Hy, it is
sufficient to find a single point 7o that would belong in CIr(7yg;€) and also satisfy the condition from Step 2.

On the other hand, in this GMM-LM context the conventional projection test rejects Hy at the level « if:

eoeei:réf%:ro LM7(6y) > x3,(1 — ) or equivalently, %mf LMy (Ag'(rh, 7)) > Xa,(1— ) (8)



where (see the L M3, statistic in Newey and McFadden (1994) and the K statistic in Kleibergen (2005)):
P —~ / ~ - ~
LMp(0) =T x (VT 1/2(9)gT<9)) P (VT v 2(9)GT(9)) (VT 1 2(9)gT(9)) . (9)

2.4 Convenience in computation

The first version in (8) is the standard representation of the conventional projection score test. It is exactly the
same as rejecting Hy if there does not exist any 6 inside the confidence set {6 € © : LM 1(6) < Xg,(1 —a)} for @
such that Rfy = ro. We present the second version to exploit the re-parameterization in (5) and thereby impose
Hy in order to facilitate computation. In general, these tests have to be conducted by searching over a grid of, say,
m points along each dimension — larger m gives better accuracy (ceteris paribus). The computational advantage of
the second version is now evident by noting that while the order of magnitude of the numerical operations required
by the first version is m, it is only m ~?% for the second one. Similar arguments imply that the computational

advantage of the improved projection test in (7) over the first version in (8) is also of the same order of magnitude.

2.5 Reduction in conservativeness

Note from (3) and (9) that L’Mﬂé}) — LMy(07) where 07 is the restricted-by-Hy GMM estimator of 07 (see
Appendix A.3). Under the NM-9.2 conditions (still maintained here), LMp(f7) converges in distribution to a
central X?lR distribution if Hy is true, and to a non-central Xza distribution under local deviations from the truth
(see (10) and note that v/T'(67 —6°) is still Op(1) under local deviations of Hy from the truth). Hence, the needless
part of the conservativeness of the conventional projection test, that we try to address, is due to its use of a critical
value from the Xﬁg distribution, while the test statistic is itself infg co.rgy=r, mT(ﬂo) < ﬁ\/JT(gT) = LMT(gT).

!

On the other hand, for any (r(,7{)" in a v T-neighborhood of (ﬁo',fyg/)’ with probability approaching one —

more precisely, for ro := 8 + pug/v/T and vo := 7% + 1,5 /T for some constant g, and i, = O,(1) — we have:
Oy = Ag' (rh, ) = RE(B° + g /VT) + S5(7% + s /VT) = 0° + (Rigprp + Skpis)/VT.
The NM-9.2 conditions give: Gr(6p) R G(6°), Vir(6o) R V(6°) and, crucially,
VTlr(00) £ VTIr(0°) + s
by using the orthogonality RSE = 0 following from ASAgl = I4,. Hence

VTip(0°) % N(O,R(G’(@O)V*l(eo)G(ao))‘lR’) and, therefore,

_ -1
LMr(6p) 4, X3, With non-centrality parameter (R (G'(0°)VH(0°)G(6%)) ' R') Ha- (10)

Crucially, the v/T-deviation of v, from v does not matter for the asymptotic distribution of LMy (6p).
Under the same conditions and those that ensure the existence of a consistent estimator for 72, it can be shown

that CI7(ys;e) defined in (7) belongs in a v/T-neighborhood of 4% with probability approaching one since the



test statistic for the test inverting which the confidence set is obtained diverges to +oo uniformly in vs when
evaluated at (ro and) vs outside the v/T-neighborhood of 4%. (To fix ideas, ignore empty Clr(ys;e) for now.)
Thus, fygj 1= arginf. e crp(yeie) LMr (A (rh,76)') = V& + tys, 7/ VT for some pupg 1 = Op(1). Hence by (10), the

improved projection test is asymptotically equivalent to the locally optimal infeasible test, based on the infeasible

efficient influence function and the unknown true 79, that rejects Hy at the level « if for gifeas .= Agl(rg,fyg)’ ,
. . . . . . _ -1 .
LM%}feas(ei)nfeaS) =T % ZIT(H(I)nfeas) (R (G/(g(l)nfeas)v—l(alonfeas)G(e(l)nfeaS)) 1 R/) lT(e(l)nfeaS) > X?IR(l _ a). (11)

Our paper allows for identification failure of #°, and the optimality discussion above is only for the special case

of no identification failure. The next section presents a more general treatment of the improved projection test.

3 The Improved Projection Test: Asymptotic Properties

The discussion and the clean expressions from the last section, although intuitive, may not be valid under possible
identification failures of 60 as characterized by, e.g., Stock and Wright (2000), Kleibergen (2005), Antoine and
Renault (2012), Andrews and Guggenberger (2014), etc. There is already a vast literature discussing the general
problems in such cases. Thus, it is important to discuss the asymptotic properties of the improved projection test
allowing for possible identification failures of §°, a problem encountered in numerous empirical applications.

The choice of GT(H) in the definition of LMy (6) in (3) is important, and to account for a possible identification

failure of ° it is imperative that the choice is based on Kleibergen (2005):

éT(e) = é1,T(9)a ) éde,T(Q) ’
. 0 _ = S—1/9\ 5
where G ;(0) = EQT(Q) — Vigr(0)Vr ' (0)gr(6),
J

V;.g.0(0) and Vi (6) are respectively dg x d, and d, x d, matrices, and 6; is the j-th element of 8 for j = 1, ..., dp.

In particular, for j = 1,...,ds, we would require ‘A/j7g7T(9) and ‘A/T(G) to be estimators of respectively,
Vig(0) := lim TXFE 0 . (0) — E 0 2 0)| | gr(0) d V(0):= lim TxE|[(gr(0) — Elgr(0)]) gr(0)']
i,g(0) = lim 36,77 ) a7ng( gr(0)'| and V() := lim (gr( gr(0)]) gr(9)'],

provided they exist. Also applicable are the variety of choices of @T(O) considered in Guggenberger and Smith
(2005, 2008) that only deviate from @T(H) defined above by an order of magnitude of 0,(1/v/T).

We maintain high-level but standard assumptions on the joint distribution Fr of the data {Z;} ;. Allowing
for a drifting data generating process (DGP) in what follows is important, and to emphasize it we index by T the
key parameters defined in terms of Fr; see, e.g., Stock and Wright (2000), Andrews and Guggenberger (2014).

We repeat here that irrespective of the drifting DGP {Fr}, but consistent with the GMM literature, we take
the true value ° satisfying the moment restrictions in (1) as fixed. The null Hy in (2) is true if the hypothesized
value rq is equal to R, it is false otherwise. Apart from characterizing the false Hy by locally deviating (to be

made precise later) ro from R°, no other maintained assumptions involve 7. For convenience, we maintain that:



Assumption O:
6° € int(©) where O is compact in R% and int(©) := interior(0).

Notation: We suppress the triangular array {Z, r:t =1,...,T;T > 1} notation, and instead denote Z; 1 by Z;.
For any matrix D, define || D] := \/’m as the matrix norm. For any a x b matrix D = [Dy,..., D] define
Djgy = [Dj,..., D] for 1 <j <k <b. Allow for D(y.0y and D413 to be empty matrices with no column. For
an (ab) x 1 vector D = [dy,...,da]', define devecy(D) := [(d1,...,dy)", (doy1,.--,d2p)’s ..., (dia=1)ps15 - - - dab)']-
To impose generic bounds on quantities uniformly with respect to T or sometimes with respect to 6, we use the

quantities ¢ and ¢ where ¢ and ¢ are small and large (respectively), fixed, positive, real numbers.

3.1 Rejection of the true null hypothesis by the improved projection test

Assumption M:

ML1. g(z;0) is differentiable in 6 at 6° for each z € R%. For Gr(8) := £ S°7_, 2.9(Z;;):

VTgr(6°
VTvec(Gr(6°) — Er[Gr(6°)]) Ve
where
, VTgr(6°) , Vo Vyar V. Vo
lim Varr B = lim =X:=
T=e0 VTvec(Gr(6°)) = Vagr Vaar Vag Voo

M2. [|[(Br|Gr(0°)), Ve, Vi )|l < & Ve — Vol + [Vagr — Vagrll = 0p(1), and V are positive-definite.

To characterize the possible identification failure, let G := Ep[G(0°)] and following Andrews and Guggen-

berger (2014)’s generalization of Kleibergen (2005)’s setup, consider the singular value decomposition of V. 1 G
Vi 2Gr = CrAr B (12)

where Cr and Br are non-random d, X dy and dy X dp orthogonal matrices whose columns are respectively the
eigen-vectors of the matrices V{l/zGTG’TV_l/Z, and GV ~1Gr. The d, x dp non-random matrix Ag = [Aq, 0]
where Ay := diag (d7.1,...,01.4,) is the dg x dp diagonal matrix with its diagonal elements (always from the top)
as dp1 > 0p2 > ... > dp.4, (> 0, without loss of generality) as the singular values of V{l/QGT.

Assumption M: (continued)

M3. For the singular value decomposition in (12), there exists a p € {0,1,...,dp} such that:
(a) dr,; — 0;, a constant, and \/T(?T_j —ooforj=1,...,pas T — oo (this assumption is void if p = 0);
(b) \/T(STJ‘ — 1;, a constant, for j =p+1,...,dg as T — oo (this assumption is void if p = dy);
(¢) Cr — C and By — B as T — oo where B is a nonsingular matrix;

(d) The dy x dg matrix G* := [C(1.p), Clpr1:d) L + V2(0°)devecy, (he — Vg (0°)V 1(0°)1) B(pii.4,)] has

full column-rank dg almost surely, where L := diag ({p41,...,1q,) is a (dg — p) X (dg — p) diagonal matrix



with {py1,...,1lq, as its diagonal elements if p < dp, and L is empty if p = dy.

Remarks: p is the number of directions in 6 that are better than weakly identified in the sense of Kleibergen
(2005). The remaining dy — p directions in @ are at best weakly identified and necessitate the particular choice of
@T(G). Assumption M3 and the representation involved in it are entirely based on the original work of Andrews
and Guggenberger (2014) who systematically and rigorously develop the final assumption M3(d) in their Lemma
8.3(d) from primitive sufficient conditions; see, e.g., their equations (3.9), (3.10), Lemma 15.1, Corollary 15.2.°> The
other assumptions, O, M1 and M2, are standard; see, e.g., Kleibergen (2005), Guggenberger and Smith (2005).

Lemma 3.1 Let assumptions O and M1-M3 hold. Then for LMz (6°) defined in (3), LM7(6°) 4 Xap-

Proposition 3.2 Let null hypothesis Hy in (2) be true, i.e., ro = RO® for 0° defined in (1). Let the joint distri-
bution {Fr : T > 1} of {Z;}L_, be constrained by the assumptions O and M1-M3. Let e,a > 0 and € + o < 1.
Let CIr(vys;€) be a confidence set for vs defined in (5) with asymptotic coverage (1 — €) for v% := S6°. Then the

probability with which the improved projection test in (7) rejects Hy cannot exceed (€ + «) asymptotically.

Remarks:

1. This is the most general and practically useful result on the improved projection test in this paper. It follows
by Bonferroni’s inequality applied to Lemma 3.1 and the asymptotic coverage of CIr(vs;e).5 Importantly, the
upper bound (e + «) for the rejection probability of the true Hy is entirely under the control of the user.

2. An example of the first-step confidence set CIr(vg;€) that possesses the desired suitable property is:

CIEY (ys370,€) 1= {0 € T : T x Qr(A5"(rh,20)') <23, (1— )} (13)

where the superscript SW stands for Stock and Wright (2000) who proposed such confidence sets based on the
S-test (a non-linear generalization of the Anderson-Rubin test), 7o is the hypothesized value of 8 that is implied

by Hy in (2) under the re-parameterization in (5), and

Qr(9) := Frp(0)Vy 1 (0)gr(9) (14)

is the standard continuously updated (CU-) GMM criterion function. Theorem 2 of Stock and Wright (2000)
establishes that the asymptotic coverage of CIZW (yg;7o,€) for 42 := S6° is (1 — €) when Hp in (2) is true and
when: (a) vTgr(6°) % v and (b) Vr(6°) £ V(6°). Since (a) and (b) are already assumed under M1 and M2, the
asymptotic coverage for C’I%W (vs;70,€) holds under weaker conditions than what we maintain here.

Following Chaudhuri and Zivot (2011), we recommend the use of CI2"W (ys;70,€) in practice because of its:
(i) validity under weak and general conditions, (ii) computational simplicity, and (iii) effectiveness in eliminating

certain spurious declines in power of the GMM-LM test from the second step of our test. The € in the upper bound in

5The convergence 5TJ — d; for j = 1,...,p in M3(a), and By — B instead of Br (p11:4y) = B(pt1:dy) It M3(c) as T' — oo are
slightly stronger than in Andrews and Guggenberger (2014). Strictly speaking, they are not necessary for the results in this section,
but helps to avoid certain peripheral complications arising from the fact that dg < dp (the main complications are addressed head on).

6While the formulation of the problem and the subsequence argument in Andrews and Guggenberger (2014) could be employed to
state this result as the upper bound on the asymptotic size (limit of the exact size) of the improved projection test, since this is only
an upper bound and the test is not asymptotically similar at this level of generality, we take a less rigourous approach for brevity.
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Proposition 3.2 is, in practice, primarily due to the fact that CI2"W (ys; 70, €) can be empty with nonzero probability
(that increases with €). This feature is actually useful for (iii) and also for (ii), and hence is accommodated in the
definition of the improved projection test in (7). Thus, our recommendation is in spite of the concern raised in
Davidson and MacKinnon (2014) and Muller and Norets (2016) (page 2184) that CI2"W (ys; 70, €) does not properly
reflect the parameter uncertainty, since this concern is at least partly addressed by the second step of our test.
Other choices of CIr(vs;e) include those proposed by Kleibergen (2005) based on the GMM-LM principle
and on Moreira (2003)’s conditional likelihood ratio principle. See Andrews and Guggenberger (2014) for precise
conditions under which they possess the property suitable for Proposition 3.2. When this happens, these confidence

sets, by definition, always contain the CU-GMM estimator of vg restricted by Hy in (2), i.e.,
As.r(ro) := arg min Qr(Ag'(r),7)) = arg min Qr(R§ro + S§7). (15)
v€l's v€l's

(If non-empty, then CIZW (ys; 70, €) also always contains Js7(r).) Sometimes the upper bound in Proposition 3.2
can be sharpened to a by the use of such confidence sets.” However, based on our experience with simulations,

albeit under limited scenarios, we still prefer the use of CI2"W (vg;7¢, €) in practice for reasons (i)-(iii) stated above.®

3.2 Rejection of the false null hypothesis by the improved projection test

Without identification failure, Section 2.5 demonstrated that when the null deviates (\/T —) locally from the truth,
the improved projection test is asymptotically equivalent to the infeasible test that rejects H if LM%“feaS(%nfeaS) >
XzR(l — «) provided that CIr(vys;e€) belongs in a v/T-neighborhood of v with probability approaching one.

The purpose of this section is to allow for identification failure and still obtain analogous results. To use contigu-
ity arguments reflecting local deviations, we rule out weak or worse identification of 6°. In terms of assumption M3,
it means p = dy. With this condition imposed, the characterization of identification failure in M3 does not provide
much additional generality over the characterization of identification failure in Antoine and Renault (2012), since
taking p = dp rules out the cases that Andrews and Guggenberger (2014) refer to as “joint weak identification”
in their equations (2.1)(ii) and (2.5)(iv). Furthermore, the local nature of M3 does not allow us to determine the
distance from 72 of an arbitrary sequence of points inside {CIr(ys;€) : T > 1}, which is essential for establishing
the desired asymptotic equivalence result. For these reasons, the characterization in Antoine and Renault (2012),
that directly models Er[gr(0)] for 8 € © globally to characterize identification failure (better than weak), seems
appropriate for our purpose. Accordingly, for some p : © — R% and a sequence of diagonal matrices {Ar : T > 1}

(to be made precise below), let
Ar
VT

7For example, consider the canonical case R = [IdR7 0], S =10, Idg—dR] and let vg := S6 be strongly identified. Under a special case
of our setup and in this context as in Chaudhuri and Zivot (2011), Theorem 2 of Kleibergen (2005) and Theorem 6 in Guggenberger
and Smith (2005) show that LM (ro,7s,7(r0)) LN XZR under Ho (and when M4 holds). Then, exactly following the steps in the
current proof of our Proposition 3.2 but with 'yg replaced by Js,7(r0), it can be shown that the upper bound in Proposition 3.2 is a.

8While it is clear that CI7(vys;€) based on Kleibergen (2005)’s GMM-LM principle cannot be helpful for (iii) in general, it should
be noted that CIr(vyg;e) based on Moreira (2003)’s conditional likelihood ratio principle may not also be helpful for (iii). Simulation
evidence and discussion on this can be found in Section 7.2.1 of Andrews (2016b), and empirical evidence can be found in Figure 2 of
Chaudhuri and Rose (2009) (Supplemental Appendix). Both such CIr(vs;e€)’s can also be less appealing in terms of (i) and (ii).

Er [gr(0)] = —=p(0). (16)
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Notation: For any 1 x ¢ vector a = (a1, ...,a.), let diag(a) denote the ¢ x ¢ diagonal matrix with a; as its i-th
diagonal element for ¢ =1,...,c. Let 1, denote the 1 x ¢ vector with all elements equal to 1.

Assumption N:

N1. p(6) = 0 if and only if § = 6°.

N2. ¢7(0) := VT (gr(0) — Er [gr(0)]) = (0) where 9() is a Gaussian process on © with mean zero and
covariance function E[1(01)1(02)'] = V (61, 02), and V(6°,6°) =V (as in M1).

N3. {Ar : T > 1} is a deterministic sequence of d, x d, diagonal matrix with positive diagonal elements. I* is a dg x
d4 matrix whose rows are a suitable permutation of the rows of Iy, giving I*ATI*/ = diag(Ar,11kys- - -5 Arilsy)
where k; > 0 for j = 1,...,0 and 22:1 k; = dg4, and, furthermore, such that Ar; = o(Ar 1) for j =
1,...,01 =1, limp Ay = oo but limp A, /VT < oo .2

N4. The d, x dp matrix pg(0) := %p(@) exists and is continuous in 6 € int(©). pp(#°) is full column-rank dp.

N5. g(2;0) is differentiable in 6 € int(©) for each z € R%-.

NG. 5 r(0°) = VT |Gr(6°) = 52pg(0°)| = O(1).

Remarks: Assumptions N1-N6 restate assumptions 1, 2, 3 and 5 of Antoine and Renault (2012) excluding their
assumptions 3(iv) and 5(i), whose counterparts will be introduced later, and keeping their assumption 3(iii) local.

A crucial assumption in Antoine and Renault (2012) is the orthogonality condition in their assumption 6(i).
They provide an extensive discussion of it, along with sufficient conditions (assumption 6*(i)), and relate it to the
orthogonality condition in Andrews (1994). Our presentation deviates here slightly in that we will try to note
the tradeoff between the smoothness of the moment vector with respect to 6, and the slowest rate at which the
expected moment vector, after a suitable rotation, moves away from zero when 6 moves away from 6°. (Due to
this suitable rotation (made precise below), this rate is not necessarily Ar1/vT (from N3).) It is important to
recognize the aforementioned tradeoff; and our presentation tries to make it clear why, for example, in the case of
linear instrumental variables regression (a common use of GMM) that involves the most smoothness, the slowest

allowed rate of deviation could be anything faster than 7—1/2

, while under the standard conditions of nonlinear
GMM (as in Antoine and Renault (2009, 2012)) this rate should typically be faster than 7-1/4.

To proceed, we will first need to characterize the local deviation of the null from the truth such that the directions
of the deviation are “efficient” in the sense of Antoine and Renault (2012). It is useful for this characterization
(and also in various proofs of our results including that of Lemma 3.1) to consider the following constructions that

are adapted from the original work of Antoine and Renault (2012), Andrews and Cheng (2014), Cheng (2015), etc.

Let {Wr = [Wra,....,Wrme] : T > 1} be a sequence of r x ¢ (for some r, ¢) matrix of full row-rank (< ¢)

mT

where Wy is r x crj (and empty if erj = 0) for j =1,...,my and such that 3 7™

cr; = c for each T' > 1.
UBT-Construction: An upper block-triangular (UBT) construction
We construct a sequence of 7 x r matrix {IIy = [Ilr1,...,p ] : T > 1} such that the ¢ x r matrix WirIlp

has an upper block-triangular structure for each 7' > 1. For any given T, the following steps give such a IIp.

9=t = 1*'. I* is not unique unless k1 = ... = k; = 1 and thus | = dy. The multiplicity of the elements can be made dependent
on T and 6 at the cost of significantly involved notation, but such generalizations may not be relevant in practice.
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o Let rank(Wr ;,.) = ¢, < min(r, ¢, ). Define Il ,,, as the 7 x ¢f | matrix such that its columns form
an orthogonal basis for the column space of W:}}mT. Stop if mr = 1, otherwise proceed to the next step.

o Let rank([Wr mp—1, Wrmy]|) — rank(We ) = Crmp—1 < min(7, ¢pp—1). Define g, —1 as the ¢ x
C;},mT—l matrix such that the columns of [IIy ,,,.—1, II7 ] form an orthogonal basis for the column space of

Wrmp—1, Wrmg]'. Stop if mp = 2, otherwise proceed to the next step.

o Continue step-by-step, as above, for j = mgy — 2,...,1 and for each j, define Iy ; as the r x ¢p ; matrix,
where ¢ ; = rank([Wrj, ..., Wrm.|) — rank((Wr j41,. .., Wr pp) < min(r,er;), such that the columns of
7,...,Hpm.] form an orthogonal basis for the column space of [Wrj,..., Wr ]

As a convention we take Il ; as an empty matrix if c7, ; = 0. I is an orthogonal matrix by construction and

(i) for some integer ¢r € {1,...,min(r,mr)}, the gr blocks Wzl“,jkTHT,jk,T for k = 1,...,qr, and where 1 <

Jir <...<Jjgr,r < mr, each has full column-rank cf. ; > 0 satisfying i T

(ii) W%’jHT,k = 0, a zero matrix of suitable (according to the above) dimension, for all 1 < k < j < mr.

LBT-Construction: A lower block-triangular (LBT) construction

We construct a sequence of r x r matrix {IIy = [IIr1,...,I1 ] : T > 1} such that the ¢ x r matrix WirIlp
has a lower block-triangular structure for each T > 1. For any given T, the following steps give such a IIp. (This
is essentially the same as the UBT-Construction, but in reverse order. Hence to save new notation, we continue to

use the same notation as in the UBT-Construction and hope that this is not confusing.)

o Let rank(Wr) = cry < min(r,c;). Define IIp; as the r x ¢y matrix such that its columns form an
orthogonal basis for the column space of WZI“,l' Stop if mp = 1, otherwise proceed to the next step.

o Let rank([Wr 1, Wrs]) — rank(Wrp 1) = o < min(r, c¢z). Define IIy o as the ¢ x ¢ o matrix such that the
columns of [II7 1,17 o] form an orthogonal basis for the column space of [Wr 1, Wra]'. Stop if mp = 2,

otherwise proceed to the next step.

e Continue step-by-step, as above, for j = 3,...,mp and for each j, define Ily; as the r x ¢ ; matrix,
where c7 ; = rank([Wr,1,..., Wr;]) — rank([Wz1,...,Wr;-1) < min(r,cr;), such that the columns of
Orp,,...,Op ;] form an orthogonal basis for the column space of [Wr1,..., Wr |’

As a convention we take II7; as an empty matrix if ¢7. ; = 0. Iz is an orthogonal matrix by construction and
(i) for some integer ¢r € {1,...,min(r,mr)}, the ¢r blocks WC’FJMHTJ,M for k = 1,...,q7, and where 1 <
Jir < ...<Jgp,r < mp, each has full column-rank C;‘Jk:,T > 0 satisfying ZZT:I ci},jkj =r;
(ii) WﬁjHT,k = 0, a zero matrix of suitable (according to the above) dimension, for all 1 < j < k < mr.
The local deviation of the null from the truth:

We consider the local deviation (of 79 from the truth R6°) that is efficient in the sense of Antoine and Renault
(2012). Roughly speaking, it captures the direction along which the local asymptotic power of the improved
projection test increases at the fastest rate. To obtain this deviation we apply the UBT and LBT constructions,
in that order, as follows. First, let pg := pg(6°) (i.e., dp(6°)/06"), and by using N3 write I*Appg = I*ApI* I*pg =

I
[AT’1p5717 R )\TJP/QJ] where py ;(0) is a k;j x dp matrix for j =1,...,1. Take Wp = [pgyl, A Ple,z} = (I*py) (not
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depending on T') in the UBT-Construction. Thus r = dy, ¢ = dy and mp = [ in terms of the notation from the
UBT-Construction. Wy is full row-rank r (i.e. dg) by N4.

U, = [y, .., 10, ] is the dg x dg matrix Il from the UBT-Construction with Wy = (I*pg(6°))’ . (17)

Let ¢}, = ¢r; = 0 denote the number of columns of I, ; for j = 1,...,1, and gy, = gpy,r = qr

CZG,TJ
from (i) in this UBT construction. Let (ji,...,Jq,,) denote the indices such that the block pg,;,I1,, ;, of dimen-
sion kj, X ¢, . 18 full column-rank Cppji > 0 fori =1,...,q,, and 23091 Cpp.ji = dp. Thus, the correspond-

ing block of I*ATI*/I*pg(GO)Hpe is Ar j,pe,5.11,, 5, and, correspondingly, the columns from (dy — S0 ) to

v'=1 "pe,Ji
q
(dQ*Z-pG'C* ) +C*

i Cpy i hei) for i = 1,...,q,, of I*ApI* I*pg(0°)I1, are represented by the d, x ¢ . matrix:

o,Ji
Ara(peill,, 1), 0 if §; = 1, and (A1 (peaTlpg s,) s - s A1 (P51 py 4:) s 0" otherwise. In both cases: j; = 1 and
71 > 1, the 0’s inside the big matrices denote sub-matrices of zeros with number of rows, which can be zero, such
that the number of rows of the corresponding big matrix is dg.

Now, conforming to this above structure, define a dy x dg matrix Dt ,, as

DTWG . fdlag ( T, c; i1’ )\;1 lc;(;d'qﬂe ) (18)

5J Japg

such that

1 * */ *
ﬁl ApT* I* pp(0°)11,, D1y — GT as T — oo (19)

where G is a d, x dy finite matrix of full column-rank, and its columns from (dg—>"e? Chy i) to (do —S Cho i T

¢, 4,) fori=1,...,q,, are represented by the dy x ¢, ; matrix: [(pg,111,,,1),0']"if j; = 1, and [/, (pg,;,11,, 5,)", 0]’

Po,Ji WJi
otherwise (the use of 0’s to denote 0 sub-matrices follow the same convention as above (18)). Define the dg % dg
finite matrix of full column-rank G* as:

G =1"G" (20)

Now take Wr = RIl,, = [Wry = R, j,...,Wrg, = Rl ; ] (not depending on T') in the LBT-
Construction. (Note that (ji,...,Jq,,) are the indices defined immediately below (17).) Thus r = dg, ¢ = dp

and mp = ¢,,. Wr is full row-rank by the definition of R, II,, and Lemma 3.8 (in Appendix B).
Ip =[Mg1,... 7HRQW] is the dg x dr matrix IIp from the LBT-Construction with Wp = RIIL,,. (21)

Let ¢k ; = ¢rq; = ¢p; = 0 denote the number of columns of Ilg; for j = 1,...,q,,, and gr = qrr = qr

from (i) in this LBT construction. Let (jn,,...;Jn,,) denote the sub-indices of the indices (j1,...,Jq,,) (de-

fined immediately below (17)) such that the block II) s R'Rg,,, of dimension c; . X cg,, is full column-
rank ¢, > 0 for i = 1,...,qr and i 1CRhm; = dr. Thus, the corresponding block of DT’pBH’peR’HR is
)\;/i 1T, ;. R'TRy, and, correspondingly, the columns from (dr — 3207, ¢k ) to (dr — 220%, Ch, + Chin,)

/

li
fori =1,...,qr of Dr,,II, R'llr are represented by the dp x cg ,,. matrix: {O’ T\F (H’ - R/HR,qp(,) } if

Japg p97jqp9

14



i i /
n; = ¢,, and {0' VT (H’ ‘R’HR,,“) - VT (H' R’HR,,“> ] otherwise (as above, 0 represents the

P AT i, P Jn; " Mgy, 6745,

sub-matrix of zeros with number of rows that make the number of rows of the corresponding matrix equal to dp).

Now, conforming to this above structure, define a dg X dr matrix Dy  as

DT,R = Tﬁl/zdiag (Aijnl 1C)IK?,n1 e AT,jan ]'C??’an) (22)

such that
Dr 11, RTgDr g — R (23)
where R* is a dy x dp finite matrix of full column-rank, and its columns from (dr — D01, c}7n_,) to (dgp —

dRrR *

, /!
Vi Chon, T Chy,) for i = 1,...,qr are represented by the dy x cj,, matrix: [0’, (H;"”j%e R’Hqupe) } if
/

!/
n; = g,, and [0’, (Hlpmjw RIHR,ni) ,O’} otherwise (as above, 0 denotes sub-matrices of zeros with number of rows,
which can be zero, such that the number of rows of the corresponding matrix is dp).

Based on the above constructions, the local deviation of the null from the truth that we consider is:

VT Dz plly(ro — %) = pg, ie., ro = 8%+ IIp x diag (A;}jnl P Y T ) s (24)

. *
T»]an CR,an

where Dy i and Il are as defined in (22) and (21) respectively, rq is as defined in (2) and 8% := RAY where 6° is
the true value of 6, and pg is any arbitrary, finite, deterministic, dg x 1 vector such that ro € int(B).

Antoine and Renault (2012) note that the one-to-one transformation IT; '6 of 6 provides the rate-disentangled
directions of @ that are identified under N1-N6. However, since Rf and not 6 is our object of interest, we need to
consider the further constructions in (21), (22) and (23) to arrive at a similar rate-disentangled form to characterize
in (24) the local deviation of the hypothesized value rg.

For the hypothesized value rq satisfying (24), consider an arbitrary and possibly non-deterministic sequence

{ysr: T > 1} € T's and, thus, 67 := Riro + Sivsr (i.e., ROr = ro) such that
VTD;! T (00 — 6°) = pre (25)

where Dr ,, and II,, are as defined in (18) and (17) respectively, and p7¢ is any arbitrary, Op(1), ds x 1 vector

satisfying R*pp g i wp, and thus relates (25) to (24). The relationship follows since

1 . '] e . " P
ﬁnﬂe Dy pypiro = 0r—0° = R5(ro—B°)+Ss(vsr—8) ie., Ry, Dryopurp =g ' Drlpps ie., R urg — pg.

The first equality uses the definition in (25), the second one is due to (5), the third one uses a pre-multiplication of
both sides by R and then the definition in (24), and the final step uses the definition in (23) and that pr e = Op(1).

Assumption N: (continued)
N7. The version of the tradeoff (see the remark below N6) assumption to be maintained is:

(a) p(0) is twice continuously differentiable in 6 € int(©). g(z;0) is twice differentiable in 6 € int(©) for each
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» € R4 and SUPpeint(o) Ha%i [C_JT(H) - %pg(e)} H = op()\T)l/\/T) fori=1,...,ds.
(b) Arj, from (18) is such that )\%Jl/)\T,l — 00 as T' — oo, and where A is defined in N3.

Remarks:

1. N7(a) imposes additional structure on the convergence in probability similar to assumption 5(i) (also see
3(iv)) of Antoine and Renault (2012), but on the second derivative of the moment vector. However, this structure
is still weaker than that in assumption 6(ii) of Antoine and Renault (2012) unless Ap; = ... = Apy, i.e., unless
there is only a single rate associated with all the rows of the moment vector in (16). N7(b) resembles Antoine and
Renault (2012)’s assumption 6*(i), which is a sufficient condition for their high-level orthogonality condition. If
limp VT /A1) < oo, in addition to N3, then N7(b) is equivalent to limy A%,jl/ﬁ = 00, which resembles, in the

sense of Antoine and Renault (2012), the well-known condition in equation (4.13) in Andrews (1994).

2. We conjecture that if, when stated in terms of 9*/(9607* ... 89;:9) where aq, ..., aq, are non-negative integers
and a = ?9:1 aj, N7(a) would hold for a > 2, then in N7(b) we could allow for limy A% ; /Ar; = co. (The key

steps are sketched for a = 3 below the proof of Lemma 3.9(c) in Appendix B.) Thus as a — oo, an extreme example
of whose limiting case is the linear instrumental variables regression with € as the structural coefficients, we could
allow for the slowest rate (i.e. Arj, / VT) of deviation from zero of the suitably rotated expected moment vector
to be anything faster that 7~1/2. This rate corresponds to just better than the genuinely weak identification of 6.
3. As noted by Antoine and Renault (2012) and also evident from Remark 1, the restriction in N7(b) under
our setup is not required if there is only a single rate, i.e., if Arj, = ... = Arj, - (see (18)).
Lastly, the following standard assumption similar to M2 completes the characterization of our framework.

Assumption N: (continued)

N8. supgee IVr(8) — V(0)| = 0p(1) and supgepr(go) ||‘7G9,T(9) — Veg(@)|| = o0,(1) where N(6°) is some open
neighborhood of 6°. V() and Vg, () are finite and continuous inside N (6°). V(6) is positive-definite with
supyeo max|eigen values(V ()] < ¢ < oo (thus, finite), infpce minfeigen valuesV (6))] > ¢ > 0. V(0°) = V.

Ideally Vi, (6) is such that Vi, (0°) = Vg, defined in M1. However, this is not necessary since we do not allow for

genuinely weak identification here, and thus do not need to use Kleibergen (2005)’s orthogonalization argument

that we needed under the more general characterization when studying the rejection of the true null in Section 3.1.

Lemma 3.3 Let assumptions O and N hold. Consider a sequence {0r = Riro+Sivsr : T > 1} where ro satisfies
(24) and {ys 1 : T > 1} is such that O satisfies (25). Then the following results hold as T — oco:

(a) LMp(0r) = LM (9i77e%) 4 o, (1) where LMy (07) is as defined in (3), LM (9" is as defined in

(11) and girFees .= A (rh, 7)) = Rkro + SEA2.
’ N L

(b) LMr(0r) 4 X, with non-centrality parameter (R*(G* V-1iGH) iR ) Ua-
Remarks: Lemma 3.3(a) is a striking result emphasizing that local deviations of the nuisance parameters g from
their true value 72 (irrespective of the choice of S) does not matter as long as (25) holds. Under the standard

NM-9.2 conditions such a result is expected since LM (0) is constructed based on the efficient influence function;

and Section 2 (in particular, Section 2.5) discusses this. On the other hand, we relax those standard assumptions
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in this section and, as a result, the ideas behind standard v/T-consistent estimation, efficiency bound, etc. may
no longer hold. Even under these relaxed conditions, that allow for identification failure (albeit not weak), we
demonstrate that this asymptotic equivalence result holds. Note that Chaudhuri and Zivot (2011) demonstrate a
similar asymptotic equivalence result but without allowing for any identification failure. They consider the classical
characterization of local deviations. In our case, however, the characterization of local deviations is nonstandard
and this is evident from the (rather long) step-by-step construction that was described before this lemma.
Lemma 3.3(b) specifies the asymptotic distribution of LMy (61), which we now use to study the asymptotic

properties of the improved projection test defined in (7). (Recall that when the null Hy is true, we have pg = 0.)

Proposition 3.4 Let assumptions O and N hold. Let the hypothesized value ro for B° := RO° satisfy the local
deviation from the truth characterized by (24). For the given choice of S, and some € > 0 such that e + « < 1, let

Clr(vs;€) be a confidence set for v, the true value of vs, such that

sup VT HD;LBHP_; ((R}gTO + S5v0) — 90) H = 0,(1) (26)
Yo ECIr(vs;€) '

where I1,, and Dy, are defined in (17) and (18) respectively. Then

inf LMy (Ag'(rh,7h)") = LM (057 1 0, (1)
Yo E€CIT(vs5€)

where LMY (057 is as defined in (11) and 657 .= Ag'(rh, 7% )" = Rro + SEA3.

Remark: The proposition, therefore, establishes the asymptotic equivalence of the improved projection test and
the infeasible test described above (11), provided that the first-step confidence set for 4% (for the given choice of
S) satisfies the condition in (26). Thus, the improved projection test inherits any optimality property (discussed
in Section 2) of the infeasible test in such cases.

It is useful to have a closer look at (26). For convenience of future reference, recall that for any vy € I's:

VT | D73, 10,1 ((Rbro + Skv) = 6°) | = VT | Db, 15 R (ro = %) + D7}, T, Sk (70 = 18)|
If Ar = Arlg, for some Ay — oo (but limp M /NVT < 00), i.e., all the rates are equal, and if our interest lies in

testing sub-vectors of 6 (e.g., R = [I4,,0]), then by virtue of (24), the condition in (26) boils down to

sup AT H’YO — WgH = 0,(1).
Yo ECIT (vs3€)

If, additionally, we consider the setup of Chaudhuri and Zivot (2011) where (the part related to) asymptotic
equivalence similar in spirit to that in Proposition 3.4 is discussed under standard conditions such as the NM-9.2
conditions and those that ensure consistent estimation of 43 (as in Section 2.5), then again by virtue of (24), the

condition in (26) boils down to

sup VT |l =98] =0
Y0 €CIr(vs;e)
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Both these scenarios are familiar by now. By contrast, in our assumption N3 (and N7(b)) we do not force all the
rates to be equal. Nor do we focus only on testing sub-vectors of 8 (although it should be noted that such cases are
the leading and most common examples of our general null hypotheses on linear restrictions). As a consequence,
the general representation (26) in Proposition 3.4 is more involved than the corresponding representations in the

two familiar scenarios above. Nevertheless, the intuition behind this general representation is the same.

Does there exist such a confidence set Cly(vs;¢) satisfying (26)?

The general answer seems to be negative under the framework of this sub-section. For example, consider the choice
C’IQSJW (vs; 70, €) defined in (13). There are two issues. The first one is specific to this choice, and does not have an
adverse effect on the asymptotic power of the improved projection test. The second one may have adverse effects on
asymptotic power. This issue is related to the generality of our framework, and does not appear under the special
cases that are typically considered in this literature, including that in Chaudhuri and Zivot (2011). Thus, for those
special cases and certain generalizations of them, all our results so far go through without any further assumption.
Let us now be more specific about these two issues, and then state the precise condition under which the second
issue becomes immaterial and there is no adverse effect on the asymptotic power of the improved projection test.
First, as noted in remark 2 following Proposition 3.2, CI%W (vs;70,€) can be empty with positive probability,
a property that we actually deem desirable for the power of the improved projection test.!® Nevertheless, it means
that CI2W (ys;70,€) cannot satisfy (26). This is well-known and has been noted in Chaudhuri and Zivot (2011).
Second, it seems that even without the consideration of the emptiness of the confidence set, it is not possible to
conclude that CIZW (ys; 70, €) would satisfy (26) without imposing further restrictions. The fundamental problem
behind this has nothing to do with the fact that we are testing hypotheses on R, but seems to be intrinsic to the
framework of this sub-section and our focus on the efficient directions in terms of 6 (and thereby in terms of R#).
It is important to highlight this problem since even if we were testing a null hypothesis such as 8 = 6y (and thus
no projection test is required), this problem affects how the power of a test increases as the hypothesized value 6y
deviates from the truth along the efficient (in the sense of Antoine and Renault (2012)) direction: IT,!(6° — 6y).
Without deviating from the discussion, we note this problem in the context of C’I%W('ys; To,€), i.e., the S-test.!!
Thanks to N1 and subsequently N8, it is straightforward to see that infg, .9, —go|>c T x Qr(07) diverges (in
probability) to oo as T — oo for any ¢ > 0. Thus, by the definition in (13), such f7’s (or random sequences 07’s
taking such values) are not contained in CI2"W (yg; 70, €) with probability approaching one. However, the problem
arises when we wish to conclude that sequences {7 : T > 1} such that 67 —6° = o(1) but \/TD;}W I (07 —6°) #
O(1) cannot be contained in CI2W (yg; o, €) asymptotically, i.e., when we wish to establish that for such a sequence
(or random sequences f7’s taking such values), T x Qr(67) diverges (in probability) to oo as T — oo.'2 This result
is necessary to justify the use of CIZW (ys;70,€), which crucially hinges on (26). The technical problem that we
face in establishing it is similar to what necessitated assumption 6(i) in Antoine and Renault (2012).

The following high-level assumption overcomes this problem.

10The probability of emptiness decreases as € — 0. Provided that C[%VW('ys; 70, €) is non-empty, it contains 4 7 (7o) defined in (15).
M This choice helps us to focus on the specific problem since, as noted in Remark 2 following Proposition 3.2, the other tests whose

asymptotic size is robust to identification failures suffer from an additional problem of spurious declines in power due to other reasons.
123ee assumptions 5(i)-(iii) in Andrews and Mikusheva (2016) who also provide further discussion.
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Assumption N: (continued)

N9. There exists an open neighborhood A (6°) of #° such that

(6) = 0,(1) wh ) {AT% [po(0) — po(6°)] HPODTM} VTDZ! 1510 - 6°)
sup kr(8) = 0p(1) where kp(9) :=

0EN(9) VT Dz 10,16 — 6°)]|

Remarks: It is clear that N9 is trivially satisfied when p(6) is linear in 6, an example of which is the linear
instrumental variables regression. Now consider some special cases by allowing for p(#) to be nonlinear in 6.

First, if Ap = Arlg,, i.e., if all the rates are equal, then also N9 holds trivially due to continuity of py (see
N4). As noted before, this is the scenario considered in Chaudhuri and Zivot (2011) to discuss the asymptotic
equivalence of the projection test and the locally optimal infeasible test. Also, as noted in Remark 3 following
N7, the assumption N7(b) is redundant under this scenario. Thus, all the results so far automatically hold for the
so-called nearly weak identification cases considered in, e.g., Caner (2010).

Second, allow for the Az ;’s in Ap to be unequal and of different order of magnitude, but let py(6) be such that
the same II,,, works for the purpose of (17) for all € N'(°). N9 holds in such cases. A further special case of this
is where II,, = I,, i.e., pp(f) is already such that the elements of § are locally identifiable at disentangled rates.

Apart from the above cases, certain restrictions on the Ar ;’s and ||\/TD£1PG IT,,' (0 — 6°)|| in addition to N7(b)
also make assumption N9 hold. However, in general, assumption N9 is not innocuous and, as a partial support to
the condition (26), we are only able to provide the following result in Lemma 3.5 by maintaining this assumption.

Although we say partial support to acknowledge that C’IJ‘?W(’yS; 0, €) can be empty asymptotically with positive
probability, we already noted that this can not be bad for the power of the improved projection test. So it is only
for technical reasons that we will, in Lemma 3.5, define the sup in (26) to be zero if CIZW (ys;70,€) is empty, as
was done in Lemma 2 in Andrews (2016b). In this sense the result below is similar to an intermediate result in

the proof of Theorem 3.2(ii) of Chaudhuri and Zivot (2011) and also Theorem 3 of Andrews (2016b) both of whom

focus on the case of strong identification, unlike our setup of less than strong and rate-entangled identification.

Lemma 3.5 Let assumptions O and N hold. Let the hypothesized value ro for 5% := RA° satisfy the local deviation

from the truth characterized by (24). Then CI3W (vs;ro,€) satisfies (26) for e > 0, i.e.,

sup ) VT HD;}WH;; ((Rgro + Sé’yo) — 00) H =0,(1)

Yo ECIZW (vs3m0,4€
where the left hand side is defined as 0 if CIZW (ys;70,€) is empty.

For completeness, we summarize the result from Proposition 3.4 and Lemma 3.5 in the form of the following

corollary. The proof is similar to that of Theorem 3.2(ii) in Chaudhuri and Zivot (2011) and hence is omitted.

Corollary 3.6 Let assumptions O and N hold. Let the hypothesized value ro for B° := RO° satisfy the local

deviation from the truth characterized by (24). Then, for e,a > 0 such that € + o < 1, the asymptotic probability

3While not strictly nested by our model for E[Gr(6)] = A—\/%pg(ﬁ), it can be shown that N9 is not required under general cases of
rate-disentangled 6, e.g., E[G7(0)] = po(0)diag(ér 1, ..., 6T,dg)/ﬁ where 67 ; — oo but limp 5T7j/\/f <ooforallj=1,...,dp.
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of rejection of this hypothesized value by the improved projection test in (7) based on the choice CIZW (vs;70,€) in

(13), cannot be smaller than that by the infeasible test in (11).

3.3 Closely related literature

The notion of optimality in relation to the infeasible test in (11) is less ambitious than that considered in the
literature on identification failure inspired by Moreira (2002, 2003). See Andrews et al. (2006), Moreira and
Moreira (2013), Andrews (2016b), Andrews and Mikusheva (2016), Montiel-Olea (2016), etc. By contrast, our
use of the term is similar to that in Section 9 of Andrews and Guggenberger (2015) and Comment (iii) following
Theorem 4.1 of Andrews and Guggenberger (2014). Indeed, the LM-principle generally does not lead to optimality
other than in a local sense since it is only based on the slope of the moment vector (slope of log-likelihood function).

Furthermore, as originally noted by Kleibergen (2005), allowing for identification failure necessitates the use of
an estimator for the Jacobian matrix that is not simply the sample mean of the derivative of the moment vector,
but the sample mean of the residual of the regression of this derivative on the moment vector itself. In certain cases
of identification failure, this affects the intended direction along which the LM-principle maximizes local power; see,
e.g., Antoine and Renault (2009). Even otherwise, this may lead to a spurious decline in power away from the truth;
see Kleibergen (2005). To partially address this problem in the context of testing for sub-vectors, Chaudhuri and
Zivot (2011) recommend inverting the S-test to obtain the first-step confidence set for the nuisance parameters; and
we follow their approach in this paper. The price to pay is that since this confidence set can be empty with positive
probability (even asymptotically), the asymptotic equivalence (as in Section 2) of the improved projection test with
the infeasible test no longer holds. However, as we saw in Section 3.1, one can still impose a pre-specified upper
bound on the asymptotic size of the improved projection test. And, remarkably, the conventional fixed critical
values are sufficient for this purpose even under a very general setup. See McCloskey (2015), Andrews (2016a),
etc. for more sophisticated approaches. The results from Section 3.2 indicate that the improved projection test is
competitive with the infeasible test in terms of asymptotic power even when we generalize the setup of Section 2.

Lastly, we note that while we generalize the use of the LM and C-alpha principle in Chaudhuri (2008), Zivot
and Chaudhuri (2009), Chaudhuri et al. (2010) and Chaudhuri and Zivot (2011); the LM and/or C-alpha tests
were originally used in the context of identification failure by Wang and Zivot (1998), Dufour and Jasiak (2001),
Kleibergen (2002), Moreira (2003), Kleibergen (2005), Guggenberger and Smith (2005), Antoine and Renault
(2009), etc. It has also been considered more recently in Magnusson and Mavroeidis (2010), Guggenberger et al.
(2012b), Qu (2014), Dufour et al. (2015), Andrews and Mikusheva (2015), Andrews and Guggenberger (2014), etc.

The equivalence relation established in Section 2 between the alternative constructions of the C-alpha statistics,
however, appears to be new. This reconciles the C-alpha statistic in Smith (1987), Dagenais and Dufour (1991),
etc. with the efficient score statistic in a re-parameterized model, and thereby makes the latter directly adaptable
to our framework. Thus, although we work with the original parameter vector 6 and the original linear restrictions
R0 from (1) and (2) respectively to closely adhere to the recent literature, one could alternatively obtain the same
results by working with the re-parameterized model and thereby providing a direct generalization of the results in

Chaudhuri and Zivot (2011) to the more involved characterizations of identification failures in our paper.
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Appendix A: For the references from Section 2

A.1 Efficient influence function for 3° := R§° under (1)

It is well-known that under the assumptions that (1) holds, G(6°) is full column-rank, and V' (°) is positive definite: the
efficient estimator of Rf" has an asymptotically linear representation —v/Tlr(6°) +o0,(1). Unfortunately, we could not find a
paper to cite the proof of it, and hence we provide a simple proof following Newey (1990) (and maintaining his assumptions)
for the sake of completeness. Alternatively, one could follow Sections 2 and 3 of Chamberlain (1987) to use the multinomial
approximation, and then appeal to the invariance property of maximum likelihood estimators (MLEs) to establish the same
result. Yet otherwise, one could use Back and Brown (1992)’s construction of an exponentially tilted density corresponding
to which the MLE of 0 is the efficient GMM estimator of 6, and then appeal to the invariance property of MLEs.

Lemma 3.7 Let {Z,}i_, be i.i.d. copies of a random variable Z, and let (1) holds. If G := %E[Q(Z;Q)]gzgo s a full
column-rank dy x dg matriz and V := E[g(Z;6%)¢'(Z;6°)] is a positive definite dy x dg matriz, then the asymptotic variance
lower bound for any regular estimator of the dr x 1 parameter vector 8° := RO® where dr < dp is (R(G'V'G)R')™'. The
regular estimator whose asymptotic variance attains this bound has the asymptotically linear representation \/T(Ba — 50) =

—VTIr(6°) + 0, (1).

Proof: Consider a parametric path & of the distribution of Z such that for the unique value £° we have the joint density
feo(2) = f(2). Denote the score with respect to & with s¢(Z). Without any other restrictions, the tangent space for
the model is simply 7 = a(z) where a(z) satisfies E[a(Z)] = 0, and E[.] equivalently stands for Eco[.]. Since dy >
dr, (1) equivalently requires that for any given dr x d, matrix B, the relation BE[g(Z;6°)] = 0 holds. Take B as full

0
row-rank without loss of generality. Now, differentiating with respect to £ under the expectation we obtain %g) =

—(BG)'E[Bg(Z;6°)s¢0(Z)] and thus %(;O) = —R(BG) 'E[Bg(Z;6")s¢0(Z)]. Therefore, any regular estimator for 8°
will be asymptotically linear with the influence function ¢(B) := —R(BG) ™' Bg(Z;0"). Given the structure of the tangent
space T, (1) implies that the projection of this influence function ¢(B) onto T is p(B) itself. For this given B, Var(p(B)) =
X(B) := R(BG)”BVB’(BG)A/R’. Thus the efficient influence function is obtained by choosing B* := argminp X(B) =
G'V™1, giving ©(B*) = R(G'V'G)™ 'R’ and p(B*) = —R(G'V'G)"'G'V™'g(Z;0°). m

A.2 Proofs of the lemma and the proposition in Section 2:

The following relations that follow from the fact that As = [R’,S’) and Ag' = [R§, S], will be used repeatedly:
RR§ = lap, RS5 =0, SR5 =0, S95 = la,—a and RsR+ S55 = Iu,. (27)

We will suppress the dependence of the quantities on 6 to avoid notational clutter. We will not consider the negligible set
on which the assumptions are allowed to not hold since we only require to show the intended results hold almost surely.

Proof of Lemma 2.1: Consider any (dg — dr) X dg full row-rank matrix S in (5), i.e., such that [R’, S’]" is nonsingular.
Let ¢ be a dg x (dg — dr) matrix whose columns form a basis for the null space of R. Therefore, since RS§ = 0 by (27),
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St = (Bs for some (dg — dr) X (d¢ — dr) nonsingular matrix Bs. Similarly, if S is another such (dg — dr) X dp matrix in
(5), then the corresponding §é~ = (Bg for some (dp — dr) X (d¢ — dr) nonsingular matrix Bg. Thus, we have §§ = SLB
where B = B;'Bg is a (do — dr) x (d¢ — dr) nonsingular matrix.

Now for any dg X dp nonsingular matrix M = [M1, Ms], where M is dg X dr and M> is dg X (dg — dr), define:

or(M) = Tx (Vp I/QgT) P (V' 2GeM) (Vi gr) (28)
®ror(M) = Tx (x?;l/QgT)'P ((ta, = P (V' 2Crd) ) Uy G ) (Vi V2ar ) (29)
Bor(Ms) = T x (17;1/2gT)'P (V' 2Grntz) (Vi 2gr), (30)

and note that, by construction:
(i) @7 (M) = Pr(la,),
(ii) @7 (M) = ®1.2,7(M) + 2,7 (Ma),
(iii) @27 (M) = @2, 7(M2B) since B is a (dg — dr) X (d¢ — dr) nonsingular matrix.

Therefore, considering the choices: M := [RY, S&] and M = [ng, 5}9«] corresponding to the two choices S and S , we obtain:

or(M) = ®r(M) [y ()]
D07 (M) 4+ Por(Mz) = P@io7(M)+ Por(M2) [by (ii)]
Pro7(M) = ®127(M) [by (iii), since Mz := S = S§B =: M B].

Thus, (6) implies that LM% (0) = ®1.2,7(M) = <I>1,27T(M) = LM;I%(O), and gives the invariance property. m

Proof of Proposition 2.2: Consider a (dg — dr) x dp matrix S in (5) that satisfies RQ~'S’ = 0, i.e., the (dg — dr) rows
S1,...,84,—dy of S are (d9 — dr) linearly independent elements of the null space of RO~

Clagm 1: With this S, we have a nonsingular Ag := [R', S]".

Proof: Suppose not. Then, the full row-rank of R implies that there has to exist a (dg—dgr)x 1 vector ¢ := (c1, . .., Cay—dg) # 0
such that Ry = 2?22 a;R; + ¢'S for some scalar coefficients as,...,aq, and where R = [Rj,...,R}.]". Since Q7"
positive definite in except in the negligible set that we are ignoring, it means that for this ¢ # 0, we have Rle =
Z‘;IQQ a;R; Q1 4 ¢ SQ . Post-multiplying both sides by S’ and noting that the rows of S belong in the null space of RQ ™",

it follows that 0 = ¢/SQ 15", Since SQ 18" is positive definite (as Q! is positive definite and as the rows of S are linearly
independent), this is only possible if ¢ = 0, which contradicts our supposition. Therefore, Claim 1 is true. m

Claim 2: RQ™'S’ = 0 if and only if RSIQSS =0.
Proof: We use (27) repeatedly in this proof. Post-multiply RS QSL =0 by S to get RS (Id,, R5R) = 0 and hence

R = (R5QRL)'RY Q. (31)

Similarly obtain S = (SL QSL)"'SL'Q. Thus, RQO™'S" = (RE QRL) (RS QSL)(S5 QSL) ™! and hence RO™'S’ = 0 if and
only if R}g’QSé‘ = 0, once again by using the positive definiteness of . =
/ ~ -~
Thus (6) implies that LM#%(0) = T x (VT 1/2gT) P (V{l/QGTRl) (VT 1/29T) On the other hand, (4) gives:

/ PN , / ,~
LMr(0) = T'x (VT 1/2gT) P (V{1/2GTQ’1R ) (V 125 ) Tx (V 1/2gT) P (Vﬁl/QGTR‘ls'(Ré‘ QRE)A) (VT 125 ) by
using (31). But, by the construction of the projection matrix P(.), we have P (V 1/2GTR5 (RS QRS) ) =P (Vﬁl/ZGTRé)
since (R}D«/QR};)_l is nonsingular. Therefore, LM (0) = T x (V 125 ) r (V V26 Rl) (V{1/2g ) = LM (6). The

desired result now follows from Lemma 2.1 for any general choice of S in (5) such that [R’,S’]" is nonsingular. =

Remark: The particular choice of S employed to facilitate the proof of Proposition 2.2 has an interesting interpretation.
To see it, consider the analogous population version of S, i.e., S such that RQ~'S’ = 0. Similar to the proof of Claim 1
above, it can be shown that [R’, S']’ is nonsingular. Similar to the proof of Claim 2 above, it can be shown that RQ™'S’ = 0
if and only if Rls/QSé = 0, where the Ry and S§ correspond to this particular choice of S. Now, note from the discussion
immediately preceding the statement of Lemma 2.1 that with this particular choice of S, the score for 8, i.e., lg.s,7(0°) is
identical to the efficient score for 3, i.e., l.~g.5,7(8°). In other words, this particular choice of S in the re-parameterization
(5) directly makes the scores for 8 and s uncorrelated (and, by asymptotic normality, asymptotically independent.) In yet
other words, this means that the optimal rotation (in the efficient GMM sense) of the moment vector along the directions
of B and s are already orthogonal, and thus the subsequent orthogonalization in order to obtain the efficient score is moot.

A.3 LMy(07) = LMy (07)

From (28)-(30) and the definition in (9) it follows that E\//IT(G) = LMr(6) + P, (S8, ) for all  where the underlying
quantities are defined. (Note that by @Q,T(Sé,e) we mean P, T(SS) with gr, GT and VT evaluated at 6.) Now, by the
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definition of the §T, ie., (Riro + S§77) where F7 is the GMM estimator of v by imposing 8 = 7o, it follows from the first
order condition of the GMM optimization problem that ®2 (S5, 07) = 0. This is because ®2 (S5, 0) is simply a quadratic

form of the first derivative of the GMM objective function with respect to s, which is zero when evaluated at 6. Thus
LMT(OT) = LMT(GT) |

Appendix B: Proofs of the results from Section 3
Since we use (have used) the following result often, let us state it here for reference.

Lemma 3.8 Let X be an a X b matriz, and P and Q be a X a and b X b nonsingular matrices. Then rank(X) = rank(PX) =
rank(X Q).

Proof: rank(X) > rank(PX) > rank(P~'PX) = rank(X) > rank(XQ) > rank(XQQ ') = rank(X). m

Proof of Lemma 3.1: The proof is based on the original work of Antoine and Renault (2012), Andrews and Guggenberger
(2014), Andrews and Cheng (2014) and Cheng (2015), with suitable adjustments required by our setup.

Let Gr := Gr(6°), Vr := Vr(6°). By M1 and M2, Vr is positive definite with probability approaching one as T' — oc.
Thus, if defined, let \7:;1/2 be such that ‘7{1/2/‘7{1/2 = ‘7{1 and gr := ‘751/2§T(6'0). Then, for T sufficiently large, (4)
gives

LM (6°) = Tgy P (Hr{H}yHr} ™ R') §r = TGpP (HTBTTT {(HrBr Y1) (HrBrYr)}~ TTB’TR’l:ITDT) Gr

where Hr = ‘7{1/2@@ Yr := diag(1/0r,1,...,1/07p, \/Tlde —p), & dg X dp diagonal matrix, nonsingular for any given T'.
(Recall that by 1c we mean a 1 X ¢ vector with all elements equal to 1.) Note that T is diag(1/dr,1,...,1/0r,) if do = p
and is diag(v/T'la,—p) if p = 0. For a given T, Iz and Dt are dg x dr nonsingular matrices defined as follows.

Step 1: Definition of T and DT, and the asymptotic behavior of TTB'TR'ﬁTDT

Note that under assumption M3(a) we can, without loss of generality, partition the set of elements 7,1, ..., dr,p into m—1
groups containing p1, p2, . . ., Pm—1 elements respectively as (07,1, .. .,07,p, )y (0T, 5141, 07,52 )se - s (OT 5y 941y -+ sOT, 51 )
where p; > 0 and p; := Zizlpk forj=1,....,m—1land me {1,...,p+ 1} (let pm := dyp — p; and when p =0 let m = 1;
and also, by construction, pm—1 = p and pm = dp), such that:

drp; # 0(0T,p;—p;+1) for j=1,...,m —1, and é1,5,4+1 = 0o(d7,5;) for j=1,...,m —2. (32)

Now, define IIr as the IIp matrix from the UBT-Construction in Section 3.2 and with W := RBrp = Wra,...,Wrm]
where Wr ; := RBT@j —pj+1:5;) for j =1,...,m. Since Br is orthogonal for each T" and also Br — B, which is nonsingular
by M3(c), the gr = ¢ and C*T,ji,r = cj,, i.e., these quantities in the UBT-Construction do not depend on 7.1 1.¢, =dr.

Define Dy = diag(dr,p,, 15;1 s 0155, 1qu) where, for simplicity, we use the notation drp, _,+1 =...=07p,, =T /2
to accommodate for the possible case that j; = m. Dr is a dr X dr nonsingular diagonal matrix for each 7.

Therefore, as T — oo, it follows by M3(a) and (32), and then again using Lemma 3.8, that:

Yo ByR'TrDr — W* | say, where W is a finite, non-random, ds x dr matrix with full column-rank dg.  (33)

In particular, by using arguments similar to those below (18) along with M3(a), we obtain for the matrix W*' that

its columns from (dr — }27_;¢cj,) to (dr — >2%_,¢j,, +¢j,) for i = 1,...,q are represented by the dy x cj, matrix:
. — — = I . — _ = !
[(dp, diag(67",- -, 65, ) Bl1py) R'T)', 0] if ji = 1, and [0’,(5@1., diag(6, !, 410+ 05, )Bls, . +1zwzz’rlj-i)’,0’] other-

wise (as it was below (18), 0 denotes sub-matrices of zeros with number of rows, which can be zero, such that the number of
rows of the corresponding big matrix is dg). Thus the non-zero blocks in such sets of columns (one block per set of columns)
are: (a) at mutually non-overlapping positions (sets of rows); (b) are finite by M1, M3(a); (c) of full column-rank by Lemma
3.8, which tells that pre-multiplication by the nonsingular matrix 5ﬁji diag(é;j_ Cpj 1 55:1) does not change the rank of
éﬁj‘ _pj_+1:ﬁjA)R/1=I]-i. The latter has full column-rank cj, for ¢ = 1,...,q by (i) in the UBT-Construction. Therefore, full

column-rank dgr of W™ follows by noting that > 4

iz1 ¢, = dr.
The rest of the proof is completely based on Andrews and Guggenberger (2014).

Step 2: Asymptotic behavior of Hr BrYr
Under (12), ||Ar|| < ¢ x € for some ¢ > 0 by M2. Then it follows that

Vi ?GrBrYr

VG [BT,(l:mAilu;py ﬁBT,(PH:de)]

Vijl/QGT |:BTa(15P>A;,1(1:p)7 ﬁBT,(erl:de)]

+V,; AT (éT - GT) [BT,(I:p)(\/TAT,(I:p))717BT,(PJrl:dQ)] .

14We use By instead of B in the UBT-Construction to avoid strong conditions on the rate of convergence of By — B as T — co.
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By the orthogonality of Br it follows from the relation V{l/QGT = Cr,(1:4,) AT BT (obtained from (12)) and M3, that
the first term on the right hand side of the above equation converges to [C(1.), C(p+1:4,)L]. On the other hand, M1 and

M2 give VT ((A?T — GT) 4, deveca, (Yo — VagV ') = O,(1) which, crucially, is independent of . Also M3 implies
that [BTy(l;m(\/TAT,(l;p))_l,BT,(,,H;de)} — [0, Bpt1:4,)] @s T — oo. Thus, by M1, the second term on the right hand
side of the above equation (i.e., VT_I/Q\/T (éT - GT) [BT,(l;p)(ﬁAT,(ljp))_l,BTy(pﬁ_l:de)]) converges in distribution to
[0, V=Y 2deveca, (ba — VagV ') R Byi1.ay))- Since M2 implies that Vi "/?V}H? 2 1, it follows that

HrBrYr = VyV2GrBrYr = (17;1/2\/;/2) Vi V2GrBrYr & G* (34)
where G™ := [C(1.p), Cipt1:d0) L + V71/2devecdg (We — VagV ") Bipii.ay)] » as defined in M3(d).

Step 3: Asymptotic behavior of LMy (6°)

Therefore, P(HrBrYr{(HrBrYr) (HrBrYr)} YrByRTrDr) & P(G* (G G*)'W*), a finite matrix with full
column-rank dr almost surely by (33), (34) and Lemma 3.8. Now, since M1 and M2 imply that /T §r 4, VY29~ N(0,1a,),
and since we already noted the independence between 1 and G*, it follows that LMz (8°) LN p% .

Proof of Proposition 3.2: Recall that our definition of the improved test accommodates for the convention that
inf oy (vgie) LMr (A5'(ro,70)') = oo if Clr(ys;e) is empty. Let {¢ysr : T > 1} denote the sequence of indicator
variables where ¢~4, 7 = 0 if CIr(7vs;e€) contains 72, and ¢4,7 = 1 otherwise. Since it is given that CIr(7ys;e€) has asymp-
totic coverage (1 — €) when Hp is true, naturally, limr_ Prr(¢yg, 7 = 0) > (1 — €) where Prr(.) denotes the probability
of an event under Fr constrained by assumptions O and M1-M3 and when $° = 7o (equivalently, R§® = 7). Therefore, by
construction:

lim Prr < inf LMy (Ag'(ro,70)") < LMT(00)> > lim Pro(¢yer =0)>1—¢, (35)
— 00

T—o0 Y0 E€CIT (vs3€)

since for any T' > 1, the event {¢- 4,1 = 0} implies the event {inf, ccry(vg;e) LMT (A" (r6,70)") < LM (6°)}.
Let {¢p,r : T > 1} denote the sequence of indicator variables where ¢gr = 1 if inf,ccry (vgie) LMr (A5 (19, 70)) >

Xap (1 — @), and ¢3 1 = 0 otherwise. Therefore,

Prr(¢sr=0) = Prr ( inf LMy (A5'(ro,)") < xi,(1 — a))

Y0 E€CI (vs3€)

> Prr ({ inf LMy (Ag"(r0,7)") < LMT(9°>} ({LMr(6°) < xa, (1 - a)}>

Yo ECIT(vs3€)

Y0ECIT (vs3€)

— 1-Pr ({ inf LMz (A" (r6,%)') > LMT(eo)} UHEM (6°) > X, (1~ a)}>

Y

1— (PrT < inf LMy (A5'(r,0)") > LMT(GO)) + Pro (LM (0°) > x4, (1 — a)))

YoECIT (7s5€)

where the first line follows by the definition of ¢g 1, the second line by the construction of the improved projection test, the
third line by De Morgan’s law, and the fourth line by Bonferroni’s inequality. Taking limits on both sides gives:

. — > BT . —1/.7 N/ 0 0 2 _
> 1-(e+a)

where the last line follows by (35) and Lemma 3.1. =

Remark: Since the way it is stated in the statement of the proposition, the coverage probability of CIr(vs;e) is (1 — €)
possibly under a larger class of distributions than Fr constrained by assumptions O and M1-M3. This is the reason behind
the inequality limr—co Prr(pyg,7 = 0) > (1 — €). However, the confidence sets CIr(vs;¢€), e.g., CIZW (vs;70,€) defined in
(13), that we actually specify are asymptotically similar and hence for them the above inequality will hold as an equality.

Lemma 3.9 Let assumptions O and N hold. Consider a sequence {01 = Rgro + Siys,r : T > 1} where ro satisfies (24)
and {ys,r : T > 1} is such that 01 satisfies (25). Then the following results hold as T — co:

(a) Vr(0r) S V(%) = V.

(b) Vagr(07) 2> Vag(0°) = Vay.

(¢) Gr(0r),, Dr py —> G* where 1, Dr.,, and G* are as defined in (17), (18) and (20) respectively.

(d) VTgr(0r) = VTgr(0°) + G* ur,e + 0p(1) where G* and pr,e are as defined in (20) and (25) respectively.
(e) [xz,g,T(eT)x?T—l(aT)gT(eT), N .,Vdg,g,T(eT)f/T—l(eT)gT(aT)] I,,Dr.py = 0p(1) (a dg x dg matriz).

(f) @T(@cp)ﬂpeD:r,p(9 L5 G* where IT,,, Dr,p, and G* are as defined in (17), (18) and (20) respectively.
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Proof: (a) and (b) follow by assumption N8 since 7 = 6° 4 0,(1).

(c) We prove it working term-by-term in the following decomposition:

Ar HpeDTpe + Ar
VT VT VT

From the definitions in (17) and (18) it follows that I1,, Dt ,, = o(~/T) by N3, and hence using N6 it follows that the second
term on the right hand side (RHS) of (36) is 0,(1). On the other hand, (19) and (20) imply that the third term on the RHS
of (36) converges to G* by construction.

To complete the proof, now let us show that the first term on the RHS of (36) is 0,(1). It is the treatment of this term
where we deviate from Antoine and Renault (2012), and the result thus obtained has substantive implications in terms of the
allowable weakness of identification in the system. Let G;(0) := a%gT (6) denote the i-th column of Gr(0) fori =1,...,de

Gr(0r),, D1 py = [Gr(01) — Gr(0°)] Ty D1,y + VT |Gr(6°) — —=po(6°) —=po(0°)1,, Dr,py.  (36)

(recall that 6 = (61,...,604,)"). Therefore, with a bad but common abuse of notation in denoting the mean values element
by element, we obtain by a mean value expansion of Gr;(fr) around Gr;(0°) for i = 1,...,ds that:
(Gron) - G0 0, Dy = [{ G000} 07 -0, { 2 Gy 0000 | 07— 0)] 1, D

_ Ha‘z Gir (eT(el))}(eT_90),...,{;dec‘:T(eT(ede))}(eT—e(’)} M, D,y (37)

by twice interchanging the order in which the derivatives are taken in each of the dy columns. Note that, for i = 1,...,dp,
we used O7(0;) (such that |07 (6;) — 6°|| < |0 — 6°]]) to denote the mean value, row by row, on the first line of the above

equation. Recalling that ur g = vTD;! IL, (6 — 6°) by (25), define Ur,; for i = 1,...,ds as the dg x dp matrix with

T,pg

9 ~ ) 0y _ 0 @ Hpy D1,pg AT 51 ATl
{50 Gr 00} 0r =) = { - Gr(or0) T | e PTe i At

in the i-th column and zero everywhere else. (See N7(b) for more on Ar j;,.) Therefore, (37) implies that

dg
[Gr(0r) — Gr(0°)] Ty, Drpy = > Urilly, D,
=1
and thus
| [Gr(6r) = Gr(6°)] Ty, Dr,py |
dg
< D NUnll X [Ty D |
=1
d
< Zg e (OT(H))@ x HHPSDTﬂpeATMjI « ”NTG” « My, Dr,pg A1,y \/T)‘T,l
= 20, Py VT ’ VT N, VT

=1

2
AT,
2
>\T1j1

Hpy Dr,pp A1,
VT

< S { [ o]+ 35 o [or - o]} <
= Op(l)
since, on the third line from above, the order of magnitude of the terms (from left to right) inside the sum is respectively:
(i) sup, ‘ mwfp ) by N3 and N4, (ii) sup, H v ae [G’T(Q) - A—\/‘%pg(&)] H = 0p(1) by N3 and N7(a), (iii)
lar.oll = 0(1) by (25), < v) H% = O(1) by N3, (17) and (18), and (v) 53 = o(1) by N7(b).

(d) A mean value expansion (with similar abuse of notation as above to denote the mean value, this time, 07) gives
VTgr(0r) = VTgr(0°) + Gr(0r)VT(0r — 0°) = VTgr(0°) + Gr(0r)l,, Dr,pypire = VTgr(0°) + G*pre + 0p(1) where
the second equality uses (25) and the last equality uses the result from (c).

(e) The result follows by using (a), (b), (d) and since I1,, Dz ,, = o(~/T) by N3.
(f) The result follows by (c) and (e). m

Remark:

Let us briefly elaborate on Remark 2 following assumption N7 from the main text. Take a = 3 there. An argument by
induction can be used to extend it to a general a, to essentially demonstrate that more smoothness in the moment vector
helps to weaken the restrictions on the relative order of magnitude of the Ay, ;’s, and in the limit (¢ — 00), an example of
which is the linear instrumental variables regression, we would not need restrictions beyond N3.

Since the main idea remains the same for all a, we focus on a = 3 to avoid further clutter in notation. From the above
lemma, which is key to all the results under the local deviation from the truth, it is clear that Remark 2 is pertinent only to
part (c) of this lemma. Indeed the only part of (c) that needs attention is where we show that [Gr(6r) — G1(6°)] Iy, Dr,p,
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i.e., the first term on the RHS of (36), is 0p(1).
To accommodate for a = 3 we extend assumption N6 as N6’ to the second derivative, and replace N7 by N7’ as follows.
Naturally, the existence of the derivatives of appropriate order are assumed. (Assumptions N1-N5 and N8 remain the same.)

Assumption N6’: (a one-time assumption for this remark only)
(a) rr(6°) = VT [Gr(6°) — 2L pp (90)] — O,(1). (This was the original N6.)
(b) Fori=1,...,do: 53 2w (6%) = VT3 [GT(GO) - %pe(ao)] = O,(1). (This is the extension.)
Assumption N7’: (a one-time assumption for this remark only)
(a) p(6) is thrice continuously differentiable in 6 € int(©). g(z;#) is thrice differentiable in § € int(©) for each z € R* and
SWpcinsco) || o5 75 [G(0) = 22p0(0)][| = 0p A/ VT) for ik =1, do.

b) Ar.;, from (18) satisfies /\% AT —> o0 as T — oo.
J1 J1 .

Comparing assumption N7 with N7’ reveals the tradeoff in terms of parts (a) and (b) of these assumptions. We note
that for a = 4,5, ..., similar tradeoffs would result in the same result as we obtain below for a = 3.

For clarity, introduce further structure but without loss of generality. First, for i = 1,...,dp, define Il,, ; and Dz ,, ; by
the UBT-Construction in a similar to that in (17) and (18), but this time, by taking

_ i / 0 i / 0 _ * 0 0 '
Wi = | a0, @] = (1 500" )

(instead of Wr = [ph1(6°), ..., p6.,(0°)] = (I"pe(6°))") not depending on T in the UBT-Construction. The corresponding
quantities with full column-rank, and thus also the elements of Dr ,,,: will change. Indeed no full-rank conditions are

required, and instead, for the purpose of this proof, the only properties we will require are: For i = 1,...dp,
*! 0 * AT - 0
(I {8021 ﬁj I pe(@ )}Hpg,iDT,pg,i) = 0(1), (38)

Hpy,iDrypgi = O(ﬁ) (39)

and these will not change since (38) holds by the construction of Dr ,, ;, while (39) follows from N3.

Start from (37). All we do below is to tease out further structure in the non-zero (i.e.,the i-th) column of Ur; (defined
below (37)) so that assumption N7’ could be effectively used to show that [Gr(0r) — Gr(6°)] Iy, Dr sy, i.e., the first term
on the RHS of (36) is 0,(1). With this purpose in mind, for each ¢ = 1,...,dy, consider a further mean value expansion (with
similar abuse of notation, and this time using 07 (0F) to denote the mean value such that ||07(05) — 6°|| < ||07(6;) — 6°|| <
H@T — 90H for k = 1, .. .7d9):

{B%GT(aT(e,-))} (6 —6°) — {aaei (;Two)} (61 — 6°)

[ 0@} 00~ {20 Grn0io) 0200 00 07 - 0)

by similar (to above) interchange in the order of the derivatives. Since ur g = \/TD;}% 11, (67 — 6°) by (25), it follows that

0 5 0 0 * 0 * AT - 0 1
Gr(6 Or — 0 = I I"—I' 1 6 11, ;D i —
{891 T( )} ( T ) ( {801 \/T pO( ) PO T,po, HT,0 \/T
= uq,T,i (say)
9 ~ 0y Ar 0 I, ,iD1p, i 1
T Gr(0°) — 2L ), (0 —2pg,tZThpoyt _
+ (VT (G0 = B2 pn0) Dot uro
= up,T,; (say)
for i = 1,...,do. Define the dy x do matrices U,,7,; and Up 1, such that all their columns are zeros, except for the i-th
column, which for them is uq,7,; and up,7,; respectively. Do this for all i =1,...,ds.

For the notation-abused quantity 67(0:), define pp gy = \/TD;;GH;; (07(0:) — 6°) where |ur.o |l < |urell by
construction for ¢ = 1,...,dg (recall that pure = \/TDilpe I, (07 — 6°) by (25)). Now for each i = 1,...,dy define the
dg x dg matrices Ue 1 for kK =1,...,ds such that all columns of U. 1, are zeros, except for the k-th column which is

8 8 = k 0 8 8 =~ k \/T Hp DT )\T‘ )\Tl
—Gr(07(6; 0r(0;) —0") = —Gr(0r(60;)— ] REE i s,
{ ot g Cr(0r(0i) 0200 = 0% = { 5 CGrtortol T | TeePEeohlan T

Therefore, it follows that Ur; (defined below (37)) can be written as:

de de
11,,D AT, 1
Ur,i=Uari+Upr;:+ <Z Uc,T,i,k) (0r —0°) = Uari + Unri + (Z Uc,T,i,k) Lo =20 I i g P
k=1 k=1 T T
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And, therefore,

1[G (Or) = Gr(0")] Ty, Dr |

dg
< YUl X 1ML, D |
i=1
dg dg
I,y D1, py AT,j
< ZHUmIIXHHpsDTp@lHZHUmHx||np3DT,p9| By, s vt L
i=1 k=1 T T.51

Since ||ua,7,i|| = O(1/VT) by its definition and using (38), it follows that -7 ||Us 7.:|| X [|TLy, D7,p, || = 0,(1) by then using
(39). Since ||up,7,i|| = O(1/v/T) by its definition and using N6’ and (39), it follows that 3% [[Us, 7.:|| X [|TLy, D7, || = 0p(1)

by then using (39). Finally, note that 3%, ™ [|U. 7,k ¥ H e D%} Mgy || llf;*?‘l X || Hpy D1,py || = 0p(1) since (collecting
»J1

similar terms together)

I, D1 py A1 ur,
el x |[FeoPEgedtan | erel oy, )
»J1
{HAiTii 0(0) x VT 9 9 {@T(g) _ Alpe(g)} VT } « HHPGDTvPG)‘ijl ’ AT,
= JT 00; 96, ” A1 90; 90y, VT AT VT ATy
= 0p(1) x O(1) x Op(1) x Op(1) x o(1)

= O(1)+0,(1) by using N3 and N7’(a),

term by term: (i) sup, H /\\/Z 32 30, o (0) % )—i— H 38, Bﬂk [GT(H) \/Tfpg (0)} %
My D1, oy A1,y |2 . e
H% = O(1) by using N3, (17) and (18), (iii) ||ur,6(:)|| = Op(1) by using (25) and the definition of pr g¢;y,

(iv) ||ur.oll = Op(1) by using (25), and (v) =L = o(1) by using N7°(b). Thus [Gr(0r) — Gr(6°)] I,y Dr,py = 0p(1). m

A3,
T,j1

A1

Proof of Lemma 3.3: (a) Utilizing the constructions of the nonsingular matrices Il,,, Dr ,,, IIr and Dz g in (17),(18),
(21) and (22) respectively, recall from (4) that LMz(0) and LM**(9) can be written as

~ / -~ ~, ~ -~
LMr(0) = T x (Vp*©0)gr(0)) P (Hr(HypHr) Dy, 1T, RTeDr.g) (Ve 0)r())
infeas —1/2 — ! ’ — ’ / —1/2 —
LM (0) = T x (V7*(0)g0(0)) P (Hr(HyHr)™ Drpg Ty, RTieDr.r) (Vi /*(0)gr(9))

where f-\IT(AG) = VT_I/Q(Q)éT(G)HpeDTﬁS and Hr := VT_l/Q(H)ET[@T(G)]H,)QDT,,JQ respectively. Essentially LMi**s(9) is
LM‘“feas(H‘“feaS), but without plugging in #™* in place of the general §. Now recall that for 7 defined in (25), we have:

(i)
(i)

2(07) £ V=2 by N8 and Vi */*(6r) — V12 by definition;

- 2(Or)VTgr(0r) = Vi /2 (00)VTgr(07) + 0p(1) = V=/2[VTgr(6°) + G*pr.e] + 0,(1) by (i) and Lemma 3.9(c);
and this is O, (1) by N2 and N§;

(iii) Dr,pyIl,, RTIgDr.r — R* by (23).

Therefore, to show that LMp(67) = LM (07) + 0,(1), it suffices to show that Hp — Hp = o,(1). Thus, by virtue of
(i) and Lemma 3.9(f), it suffices to show that Er[G7(07)]I1,, Dr,p, — G*. Further, by virtue of (20), it is now sufficient
to show that Er[(Gr(0r) — Gr(0°)],, Dr,p, = o(1). This follows exactly by proceeding from (37) onward in the proof of
Lemma 3.9 simply by replacing Gr(.) in that proof with Er[Gz(.)]. Thus LMz (07) = LM¥*®*() + 0,(1).

Now, using (ii), (iii), N4, N8 and the fact that we just established Hr — V~=12G*, note that:

vyt
‘7

(Hr(HyHr) ™ Dr,p, ), RTeDr.g) (Vi 2OVTar(0)) = RY(GV'6) GV VTgr(0°) + G pira] + 0p(1)
RYGT VTG G VT IVTgr(0°) + R g + 0p(1)

= RYGTVIG)TIGTVTIVTGr(0°) + ps + op(L).

by using the relation R*ur,e R ug (see below (25)). It therefore follows that the RHS on the last line does not depend on
vs,r at all as long as the latter is such that (25) holds. Note that ~3%, a constant for all T, is trivially such a choice of the
sequence {ys,r : T > 1}. Thus LMPfeas(ginfeasy — 1 ppinfeas gy 4 o (1) = LMy (67) + 0p(1).

’ ’ -1
(b) From (a) it now follows that LMy (67) LN X?IR with non-centrality parameter jij (R*(G’* VG 'R* ) pg. ®
Proof of Proposition 3.4: Define the sequence {’y} : T > 1} such that
o . —1/.0 I\
= ar inf LMy (Ag (rg, .
Y1 g’YUeCIT<’YS§5) T( s (ro ’70))

By condition (26) on CIr(vs;e€), it then follows that ~J. is such that ;LTTﬂ = Op(1) where ui}ﬂ = \/TD 1 o Hp, 1RS(GJr 0%)
and OTT := Rkro + Séfy;. Therefore, the final result follows by Lemma 3.3. =
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Proof of Lemma 3.5: The proof partly follows the intermediate steps in the proof of Theorem 3 of Andrews (2016b)
after adapting it to our setup. Take any @ > 0 and note that N1 implies that infgcp .y 40> lp(REB + S5)|| > 0 (see
equation (2.1) in Antoine and Renault (2012)). Let the infimum occur at 6% (not necessarily unique). Using N1, let A} be
the largest in order of magnitude diagonal element of Az whose corresponding element of p(6*) is not zero. Now note that

A“—:w 0) =V =2(0) ‘f [9r(6) = Brlgr(0)] +V™"/%(0 >*§

vV2(0) Er[gr(0)].
By N2, N3 and N8, the first term on the RHS is 0,(1) uniformly in § € ©. By (16), N2, N3, N8 and the definition of A},
for the second term on the RHS we have:

inf HV‘I/Q(Q))\—\/T

BEBY: v =71 >w T

Erlgr(RsB + S@]H = Hv—m(a) —Arp(RsB + Ss7) H —c>0

inf
BEBy:llv—2lI>w AT

as T' — oo for some ¢ > 0. Therefore, by using the uniform consistency of \7{1(0) for V71(0) from N8, and the definition
of Qr(0) from (14), it follows that infﬁes,muy—«,gsz(/\})_Q x T x Qr(RsB + S&7') Ly ¢* for some ¢* > 0. Therefore, by

definition (and since A\; — oo by N3) it follows that inf 50w T X Qr(Rgro + S&v) Ly 0. Since @ > 0 is arbitrary,
by the definition in (13) where the critical value is a fixed, finite positive number for a given e < 1, it follows that

0
sup 7o = sl = 0p(1).
Yo €CIZEW (vgiro,€)

This is an intermediate result since we actually need to show more. For that purpose let us proceed as follows. Since
ro — 8% = o(1) by (24), we appeal to the above result and now focus on @ such that 6 — ° = 0,(1). Define

Or = sup IVTDZ}, T, (R (ro — %) + S (70 — 73))l.

Yo ECTZEW (vg3m0,€)
Since CI2Y (vs; 70, €) is closed by construction (see (13)), we have

Y1 = arg sup IVT Dz, I, (Rs(ro — 8°) + Ss(70 = 18)) | € CIZY (vs3 70, €)

Y0 €CIZW (vgir0,€)

for all T. We know from the above result that ||yr — 3| = 0,(1) and hence for Or := Rir, + Svyr, it follows that
|0 — 6°|| = 0,(1). Hence 67 € N'(0°) (defined in N9) with probability approaching one.

Note that if 97 = 0p(1), the required result for the lemma is already proved. So let us consider the case that Y1 # o, (1).
Now, we wish to prove that J7 = O,(1), and we do it by contradiction.

Suppose that U7 # Op(1). Then there exist a ¢ > 0 and a subsequence {T,} such that Prr, (91, > n) > ¢ for all n.
The required proof follows by contradiction if we show that this is not possible.

First, using (16) and N1, we obtain by a mean value expansion of p(fr) that

Ar
VT

where, as before, pg(.) := 89, (). Yr(8) := VT (§r(0r) — Er[gr(0r)]) (be its definition in N2) and p(8°) = 0 by N1. Hence,
focusing on the subsequence {7, }, we obtain that

VTgr(0r) = VT (gr(6r) — Erlgr(6r)]) + VT { {p(6°) + po(6°) (0 — 60°) + [pa(6r) — po(6°)](6r — 6°)}

A _
ngwn)—{wmem+( 1, pew(’mpgmﬂ,pe)V Dt p;wm—@f’)}HSﬂnx sup wr, (6) = U, x 0p(1)
VIn 0EN(69)

where 97 (0) and k7 (6) are defined in N2 and N9 respectively. For notational simplicity define

Az,
VTn

which is Op(1) 4+ O, (Y1, ) by virtue of N2, (20) (using the full column rank of G*).
Define wr := 14 93 > 1. Now, by the definition of Q7(0), it follows from using N8 that

br, (01,) = ¥r, (O1,) + ( pe<90>np9DTn,pg) VT.Dz,) ,, 15, (0, —0°),

—— |Tw x Qr,, (Rsro + Ssvyr,) — b, (07,,)V b, (07,)| = 0p(1)

wT,

since the minimum eigen value of V' (0) is uniformly bounded away from zero. Further noting the full column rank of G* and
the fact that by, (67,,) = Op(1) + Op (97, ) (please note the two additive components of b, (67, ) from above) will imply that
L}, (01,)V " "br, (01,) # 0p(1) but Op(1). (Rgro+ SEyr,) # 0p(1) but Op(1). On the other hand,

@,
since yr,, € quswfv (vs; ro, €), we also know that T\, X Q, (Rsro—&—SS’yTn) = O,(1) by the definition of quswfv (ys;70,€) in (13).
Therefore, there cannot exist a € > 0 such that Prr, (wr, > 1+ n?) > ¢ for all n. Equivalently, since wr := 1 + 93 > 1,
there cannot exist a € > 0 such that Prr, (192Tn > n2) > ¢ for all n. Equivalently, there cannot exist a € > 0 such that
Prr, (91, > n) > ¢ for all n, which is a contradiction to our supposition that 97 # Op(1). Hence, 97 = Op(1). m

’ wT
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