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Abstract

We are interested in score tests for parameter vectors and sub-vectors defined by moment re-
strictions. We provide a general setup to conduct score tests by utilizing the additional information
obtained from the Generalized Empirical Likelihood framework in the form of implied probabili-
ties. Although most tests considered here are first-order asymptotically equivalent, we find by a
series of simulation experiments that use of the empirical likelihood implied probabilities matches
the estimated asymptotic size best with the nominal levels of the tests. Such tests can be com-
putationally difficult when testing sub-vectors. We suggest a convenient test based on Neyman
(1959)’s C(«) statistic that is asymptotically equivalent and performs similarly in finite samples.
When elements of the parameter vector not specified by the null hypothesis are weakly identified,
the conventional tests do not have correct asymptotic size and the direction of size-distortion is
not clear. To prevent any uncontrolled upward size-distortion, we extend the projection-based test
proposed by Chaudhuri and Zivot (2011) to the setup of the current paper. This test performs well

in terms of finite-sample size and power in our simulation experiments.
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1 Introduction

Newey and Smith (2004) demonstrated that in terms of bias, the optimal (infeasible) Generalized
Method of Moments (GMM) estimator is more closely mimicked by the Generalized Empirical Like-
lihood (GEL) estimators (see Smith (1997)) than the efficient two step GMM (2S-GMM) estimator
(see Hansen (1982)).While both GEL and 2S-GMM are suitable for estimation and inference on
parameters defined by moment restrictions, the property stated above makes GEL higher-order-
asymptotically more attractive than the computationally convenient efficient 25-GMM.

The question is: How much of these higher-order gains of GEL are actually reflected in finite
samples of reasonable size? Typically simulation studies are tools to explore such questions. How-
ever, to our knowledge, there are not many such studies covering a variety of (econometrically
relevant) cases that would be sufficient to get a conclusive answer on the benefit of using the GEL
methods over 25-GMM.! Perhaps as a consequence of this lack of simulation evidence, GEL meth-
ods still seem to be much less popular than 25-GMM among applied researchers in economics (even
post Newey and Smith (2004)).2

A primary goal of our paper is to fill this gap by seeking to explore the benefits/perils of using
various classes of GEL methods over one other and 2S-GMM through a series of large-scale Monte-
Carlo experiments covering cases where GEL have been theoretically shown to be beneficial. In
these Monte-Carlo experiments, we also consider cases where 25-GMM is known to perform better
than GEL: e.g., when estimation bias is not a concern, or when the moment vector in (2.1) is thick
tailed (see for e.g., Newey and Smith (2004) and Guggenberger (2008)).

A practical problem with the GEL methods is the computational cost. GEL estimation of
parameters involve solving a saddle-point optimization that becomes increasingly difficult com-
putationally when there are multiple parameters and moment restrictions. Partly to avoid this
computational burden, we focus on score tests when the parameters are completely (Hy : 8 = 6p) or
partially (Hyg : 81 = 619) specified by the null hypothesis where 6 is the parameter vector defined

by (2.1) and 6; is a sub-vector of #.> We note that the desirable higher-order properties of the

!One strand of the literature that has explored the use of a particular class of GEL, i.e., the Continuous Updating
GMM (CU-GMM), is the weak instrument/identification literature. See for example, Staiger and Stock (1997), Stock
and Wright (2000), Kleibergen (2002), Kleibergen (2005), Dufour and Taamouti (2005a), etc. Exceptions, that actually
compare the various class of GEL (occasionally in other contexts) are Mittelhammer et al. (2005), Guggenberger and
Smith (2005), Guggenberger and Hahn (2005), Guggenberger (2008) and Caner (2010).
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2An ad hoc search of the keywords ” generalized method of moments”, ”generalized empirical likelihood”, ” continuous
updating generalized method of moments”, ”empirical likelihood”, ”exponential titling” yielded respectively (19, 0, 2, 0,
0) in the Journal of Political Economy (2004-2011), (21, 0, 1, 0, 0) in the Quarterly Journal of Economics (2004-2011)
and (34, 0, 0, 0, 1) in the American Economic Review (2004-2008). There were some other occurrences of the term
”empirical likelihood” but in unrelated contexts.

3In terms of point-estimation, a practical approach to avoid the computational problem is to use approximation-based
estimators that become asymptotically equivalent to the GEL estimator. See, for example, Antoine et al. (2007) and

Fan et al. (2011). We will treat the first reference elaborately in the sequel.



GEL estimators over 2S-GMM (following the arguments of Newey and Smith (2004)) are likely to
extend to the GEL score tests by reweighing the estimators of the Jacobian and the variance matrix
of the moment vector using the so-called ”implied probabilities”.* Therefore, any evidence of the
superior finite-sample performance of GEL score tests over 25-GMM score tests is of importance
to the practitioners.

The saddle-point optimization cannot, however, be avoided by the conventional plug-in score
tests when interest lies only on a subset of parameters, i.e., when the null hypothesis is of the form
Hiyy : 61 = 019. In such cases the conventional plug-in score tests require the estimated value of
the nuisance parameters to be plugged in the score statistics.” To avoid such computations, we
propose the use of a GEL score statistic that is analogous to Neyman (1959)’s C'(«) statistic and
can be asymptotically equivalent to the conventional plug-in score statistic.

There is an additional theoretical problem with the GEL tests for subsets of parameters. Under
an important scenario considered in this paper we allow the parameters to be weakly identified
following the framework of Stock and Wright (2000). In case any element of the nuisance parameters
is weakly identified, one cannot obtain a consistent estimator of that element (even when the
null hypothesis is true) and as a result the conventional plug-in GEL score tests and the C(a)-

6 We say that the asymptotic size of a test is

type tests do not have correct asymptotic size.
incorrect when it is different from the nominal level that is used to determine the critical value
for the test. We recall here that the tests for subsets of parameters discussed in Kleibergen (2005)
and Guggenberger and Smith (2005)(GS-05, henceforth) assume that the nuisance parameters are
strongly (i.e., not weakly) identified. While recently Kleibergen and Mavroeidis (2009) contend
that such score tests (based on CU-GMM, a particular class of GEL) are downward size-distorted,
i.e., asymptotic size is less than nominal size; Chen and Guggenberger (2011) contend that they
can be upward size-distorted (typically considered a more serious problem in economics). In the
view of this confusion and deeming downward size-distortion as the lesser problem, it seems that
the conventional projection-based tests, such as (extensions of) those advocated by, among others,
Dufour and Taamouti (2005b), are the safest choices for practitioners.

However, it is also known that these conventional projection-based tests for subsets of parameters

can be needlessly conservative (even in the absence of weak identification). To the best of our

“We expect the higher-order gains of the GEL estimators in terms of bias are likely to result in better size properties
of the GEL score tests. To the best of our knowledge, GEL estimators do not result in efficiency gains, unless bias
corrected. Hence we do not expect the GEL score tests to have an advantage in terms of power.

®We should qualify the usage of the term "nuisance parameters”. While moment restriction models are intrinsically
semi-parametric in nature and involve infinite dimensional nuisance parameters, our usage of the term is rather simplistic.
In the context of (2.1), we refer to the sub-vector of # that is not specified by the null hypothesis as the nuisance
parameters.

6Newey and West (1987)’s 2S-GMM score test of Hy : § = g or Hig : 61 = 610 has incorrect asymptotic size when
any element of the entire parameter vector is weakly identified, and hence is even less robust to weak identification.



knowledge, the projection-based test proposed by Chaudhuri and Zivot (2011), in the context
of CU-GMM, is the least conservative projection test. They showed that this test: (i) is less
conservative than the conventional projection-based tests, (ii) always guards against uncontrolled
upward size-distortion, and (iii) in the absence of weak identification, can be made asymptotically
as powerful as the conventional plug-in based tests. In this paper we extend this test to the entire
GEL class and thus obtain a GEL test for subsets of parameters, which we henceforth call the
GEL-projection test. This GEL test is not upward size-distorted (unlike the conventional plug-in
based GEL tests) and at the same time is more powerful than the conventional projection-based
test. This is the methodological contribution of our paper.

The rest of the paper is organized as follows. In Section 2, we describe the framework of our
paper and summarize the results obtained by simulations in the subsequent sections. In Section 3,
we consider score tests for null hypotheses of the form Hy : = 6, (i.e., for the entire parameter
vector) and conduct two simulation experiments to conduct a study of the relative performance
of the 25-GMM and GEL score tests. In Section 4, we do the same for null hypotheses of the
form Hig : 01 = 619 (i-e., for a sub-vector). In addition, we also discuss the GEL-projection test,
establish its asymptotic properties, and compare its performance in finite samples with the other
tests. Proofs of all the theoretical results are collected in the Technical Appendix.

Notations used throughout the paper: For any a x b matrix A, ||A|| := /trace(A’A). If A is
full column-rank then P(A) := A(A’A)~*A" and N(A) := I, — P(A) where I, is the a x a identity
matrix. If A is symmetric and positive semi-definite then A% is such that A = A3 A3 . X;2;,17a

denotes the 1 — a-th quantile of a central x? distribution with p degrees of freedom.

2 Framework and summary of simulation results

Suppose that we have observations wi, ws, ..., w, € W from the unknown probability distribution
Fyo o € F := {Fy, : 0 € © CRP} where for a given 6, the elements of n are a set of unknown
nuisance parameters in A(f), a space of possibly infinite dimension and possibly constrained by
6. Now, suppose that the unknown ”true” value 6° € interior(©) is uniquely identified by a set of
moment restrictions given by

Elg(w,0)] =0 < 0 =6°, (2.1)

where g : W x © — R¥ is a known function.” Being true to the literature on moment restrictions
models, we let the expectation on the LHS of (2.1) to be with respect to the family of unknown

probability distributions Fyo ,, for all n € A(6°) (and not just Fyo ,0). This notion of uniformity is

"We only consider unconditional moment restrictions. Extension of these results to conditional moment restrictions,
while of theoretical relevance, is straightforward once the usual technical and computational issues are taken care of.



a key ingredient of the current paper and will be of paramount importance when we consider the
size of tests in the presence of weak identification.

In this paper we consider various forms of score tests on 6 (i.e., Hy : 6 = 6p), and subsequently
on its sub-vector 6 (i.e., Hyp : 81 = 610), based on the first-order conditions of the efficient 2S-
GMM and GEL objective functions. The principle behind the design of the score statistics is same
as that of the 2S-GMM score statistic in Newey and West (1987). However, with the insight from
Newey and Smith (2004), we also incorporate the additional information obtained from the GEL
framework by using the GEL implied probabilities to obtain efficient estimators of the Jacobian
and the variance matrix of the moment vector g(w, 6) (or, interchangeably, its sample average).

For the sake of completeness, we first briefly describe the necessary part of the GEL framework
following Newey and Smith (2004) and then describe how to use the GEL implied probabilities to
design the score statistics. To fix the idea, in this section, we focus on the entire vector 6, i.e., on

null hypotheses of the form Hy : 8 = 6.

2.1 GEL implied probabilities and GEL score statistic:

The GEL class of estimators of ° is indexed by the function p (see Assumption p below) and is

defined as

57,1 = argmin sup Q (0,2
P 0co NEA, (0) P )

where  Qua(6.3) 1=+ >~ p(N5i(6)) ~ p(0).
i=1

and  An(0) = {NeR*: Ng,(#) cOVi=1,...,n}

The choice of p(.) leads to various types of GEL such as CU-GMM or Euclidean empirical likelihood
(EEL) (p(v) = —(1 +v)?/2,0 = R), empirical likelihood (EL) (p(v) = In(1 —v),0 = (—1,00)),
exponential tilting (ET) (p(v) = —exp[v], O = R), etc. all of which satisfy Assumption p.
Assumption p: (GEL function)

p: O — Ris a continuous function such that
(i) p is concave on its domain O which is an open interval containing 0.

(ii) p is twice continuously differentiable on its domain. Defining p,(v) := 9" p(v)/Ov" for r = 1,2

and p, == p,-(0), let p1 = p2 = —1 (standardization for convenience).

The desirable higher-order properties of the GEL estimators are precisely due to the GEL first

order condition which, assuming differentiability of the moment vector g(w, 8) with respect to 0, is



given by

1 / -1 R
o (=) = [Zw,m ) GiBn HZ Bp)i )l Op)| GuBr)  (22)

. _ 1 ¢ 0
where for given 6 and p(.), gi(6) :=g(wi,0), gn(0) == —> 6i(6), Gi(0) := 5759:(0),

Apm(0) = arg sup Q. (6,)), (2.3)
AEAL (0)
3 = ( ( )91(0)) . implie ropabiliities 1Irom at a generic
Tpin(0) = s e . (#)g, ) ¢ Plied probabiliies from GEL at a generic 6, (2.
B 1 R E S
frin®) = @@y P TR0 =

Observe that p(.) corresponding to EL leads to m,; ,(0) = kp,in(8) for ¢ =1,...,n. It is because
of this along with a nice property of the implied probabilities 7, ; ,(#) (discussed in Lemma-2.1
and Corollary-2.2 below) that results in the superior higher-order properties of the EL estimator

(among the GEL class) discussed in Newey and Smith (2004).

Lemma 2.1 Consider any 6 € interior(©) such that

(i) en := maxi<icn [|9:(0)|| = 0p(Vn),

(ii) Elga(6)] = O(1/n®) for s > 1/2,5

(111) /n(Gn(0) — E[gn(8)]) = Op(1) (i.e., assume V := Avar (g,(0)) = O(1) and hence as a
consequence of (i), gn(0) = Op(n~ ™ {1/25}) = Op(n=1/2)) 2

() bmin < Ymin(0) <

mazimum and minimum eigen values of Vi, (0) := + Zz 19i(0)9;(0), and bpaz and by, are (finite)

Ymaz(0) < bmaz, almost surely (w) where Ymas(0) and Ypmin(0) are the

positive constants,'©
(v) there exists a (finite) positive constant b such that for each v € O, |p2(v) — p2(0)| < b X |v|.

Then the following results hold as n — oo under assumptions p and (i)-(v):
(A) Xpu(0) defined in (2.3) is such that X, (0) = =V, 1(0)gn(0) + op (n™1/2),

(B) mp,in(0) defined in (2.4) is such that for a given i =1,...,n
7Tp,i,n (0) - 7T-EEL,i,n(H) + op (n_3/2)

where TgEr,in(0)’s are the implied probabilities from EEL with the closed-form expression

wppran®) = - [1-(0:6)  30) T 03.0)] = 1+ 0p (n72).

8We are focusing on moment restrictions that are weak or worse.
9This will be the rationale behind our definition of the space of hypothesized values of § in Section 3.
YUnder (ii) and (i), Vn(8) — V = op(1). Additionally, (iv) gives V,;1(8) — V! = op(1).



Remark: Note from (B) that the difference between the EEL and GEL implied probabilities
is of a smaller order than that between the EEL implied probabilities and the naive empirical
probabilities {1/n}. This suggests us to claim that the use of the GEL implied probabilities to
re-weight observations results in equivalence up to one higher order and at the same time point out
a wedge between the use of the GEL implied probabilities versus the naive empirical probabilities.
However, this result, in itself, is not sufficient for such a claim because (B) is not uniform in

1 =1,...,n. We provide a proof of this claim in Corollary-2.2.

Corollary 2.2 Consider any 0 € © such that all the assumptions in Lemma-2.1 hold. Now con-
sider n i.i.d. realizations {Y1 ..., Ynn} of a d x 1 random vector Y,,. Denote Y, = S Yin/n.

Assume that

(01) Yoo = pn 22 0, L0 (Vi = 1) [(9:00) — 30(0)) . ¥7,] 2> Qv Qyy] and that

n(Y, — u, Q Qyg
vl bn) 4N O(a+k)x15 R ) (2.5)
V(gn(0) — Elgn(0)]) Qy, V

where Qy, == ACov(Yy, Gn(0)), Qyy := AVar(Y,) are finite.!!
(vii) E||Y;||* < oo and E||g;(0)||* < co.
Then the following results hold as n — oo under assumptions p and (i)-(vi):

Vi meBLia(0) (Yi— 1) |\ 4 Qvy —QygV7'Q, 0
= N | Ogyryx1, )
V(gn(0) — E[gn(0)]) 0 4

(B) VAt mpin(®) (Vi — i) — Vi X0 pELin(0) (Yi — i) 2 0.

(4)

Remarks: (A) states that the EEL implied probabilities provide a revision over the naive empirical
probabilities and, in case g, () contains any information about G, (6), this revision leads to gain
in efficiency. Moreover, it also makes the re-weighted average of Y; ,, asymptotically uncorrelated
(and, hence, independent because of normality) of the moment vector g, (#). This is the primary
source of the improved higher-order properties of the GEL methods (see Newey and Smith (2004),
ABR-07). This is also an important property that has been exploited in the literature to design
score tests for weakly identified parameters (see Kleibergen (2005), Chaudhuri and Zivot (2011)).
On the other hand, the next result, (B), states that up to the first-order the implied probabilities
from all the members of the GEL class characterized by the function p(.) gives the same revision.
(B) will be the key justification for our general treatment of the various GEL score tests considered

later in this paper instead of considering them separately for each GEL member.

" The assumption on the existence of a CLT is not essential for our argument, but is made for the sake of a reference
in the subsequent sections of this paper. However, the convergence to and the existence of the asymptotic variances and
covariances are essential. Standard extension to independent but not identically distributed data is possible.



Based on these observations, we consider a slightly modified and more general version of the
GEL first-order condition in (2.2). In other words, we consider a modified version of estimating
equations for #. This is given by

-1

Lo (6;7(8), 7" (6)) := [Z e (0)Gi(6) Vngn(0) = op(1), (2.6)

where the notations are the same as before except that we take V;(0) := g;(6)[g:(0) — §n(0)]’ in the
deviation from mean form (shrinkage, see Hall (2000), Chaudhuri and Renault (2011)) with a hope
of better finite-sample performance. The choice of weights 7&(6) for the Jacobian and 7} (6) for
the weighting /variance matrix is dictated by the particular method used and this is what makes the
12,13

setup general (encompassing all the existing feasible methods based on moment restrictions).

We illustrate this with some theoretically well known examples:

o 25-GMM: 7¥(0) = n/(§) = 1/n for all i = 1,...,n and a preliminary consistent estimator ]

in the expression for V;(9),

e EEL/CU-GMM: 7¥(0) = mgrrin(0), 7Y (0) = 1/nforalli=1,...,n,

?

e 3S-EEL: 7¢(0) = mgrLin(0), 7Y (0) = TEpLin(0) for all i = 1,...,n and a preliminary

consistent estimator 6 in the expressions for G;(6) and V;(6),14

e BL: 78(0) =7V (0) = mprin(0) foralli=1,...,n,

7

e more generally, any GEL p(.) : 7(0) = 7p;n(0), 7V (0) = kpin(0) for alli=1,...,n.

In fact, our setup can also accommodate mixed methods like ETEL (see Schennach (2007)) by
means of adding more notation to characterize the two different types of GEL, say p(.) and p(.)

(both satisfying Assumption p), in the expressions of the implied probabilities (in (2.4)):

P1(A5.,(0)g:(0)) Kp(A5.0(0)9:(0))
T550n(0) (= =722 and similarly x5 5 ,(0) == =——2 ,
"’ > =1 P1(X5,,(0)g;(0)) "’ >i=1k5(X5,,(0)g;(0))
where A5, (0) := arg sup Qﬁ,n(ﬂ, A) [compare with (2.3)].

AEAL(0)

For the specific case of ETEL, p = pgpr and p = ppr. Since we are primarily interested in the size
of score tests under the assumption of correctly specified models, we do not consider these mixed

methods in the current paper.'® Nevertheless, our results in Lemma-2.1 and Corollary-2.2 apply

12,6 (6) and g (0) can and will depend on sample size n. However, the dependence is suppressed for notational
convenience with a hope that it will not be unduly confusing to the readers.

I3Note that, in contrast, the infeasible optimal GMM estimator solves the first order condition,
E[G:(6°)]Var=(g:(6°)3a(0) = or(n~"/?).

141t is obvious that the shrinkage version of the EEL implied probabilities put forward by ABR-07 and Dovonon (2008)
can be handled accordingly.

15 A treatment of mixed methods, that is similar in spirit to our paper, can be found in Chaudhuri and Min (2012) in
the context of doubly robust Augmented Inverse Probability Weighting estimators of average treatment effects.



to all the GEL and mixed methods (for mixed methods like ETEL, Lemma-2.1(A) is the key) and
hence all the theoretical results in this paper apply equally to a wide variety of methods.

The corresponding score statistic for testing null hypotheses of the form Hy : § = 6y can be
designed, following Newey and West (1987), as a quadratic form of n=1/21, o (69; 7%(6o), 7" (69))
defined in (2.6) with respect to the inverse of its asymptotic variance (under Hp). The asymptotic
variance is likely to be unknown and needs to be replaced by a feasible estimator. In the spirit of
using the implied probabilities in [,, ¢ (00; 7G(0o), WV(GO)), we do the same for the estimator of the

asymptotic variance. Related technicalities are presented in Sections 3 and 4.

2.2 The motivation and summary of our findings:

In essence, all the methods considered are characterized by the weights used for estimating the
Jacobian and the variance matrix. Re-weighting with the GEL implied probabilities kills the
correlation (up to one higher order) of the average moment vector g,(f) with the estimators of

the Jacobian and the variance matrix. As a result, the approximation
E [ln’e (90; 7TG(90), Fv(eo))] = 0

is more accurate under Hy : § = 0. This is likely to result in less size-distortion of the score test
in finite samples. There are at least two scenarios where this is known to be useful: (1) when the
parameters 6 are weakly identified, and (2) when the moment vector g;() is skewed. We consider
both to motivate the questions asked in this paper, and then summarize below the answers found
by simulation experiments.

Scenario 1: When 6 is weakly identified, without any re-weighting, the estimator of the Jaco-
bian can be correlated with the average moment vector causing the score test to be size-distorted
in over-identified models (see Wang and Zivot (1998)). The solution of using the CU-GMM score
statistic, which is equivalent to re-weighting the Jacobian estimator with the EEL implied proba-
bilities, was proposed by Kleibergen (2005). Note that in this case the proposed solution is to use
the relevant quadratic form of I, ¢ (90; 7% (00) = TEELin(00), ™ (60) = l/n) as the score statistic.
For the purpose of our paper, it is important to observe the implicit and automatic re-scaling (by

v/n) in the presence of weakly identified 6:
-1

li
1 n 1 n
Vil g <90§7TEEL,i,n(90)7 n) = [\/ﬁ;FEEL,i,n(eo)Gi(e) ln ;Vi(@

Corollary-2.2(B) suggests that using any other GEL implied probabilities instead of EEL for re-

weighting the Jacobian estimator does not change the first-order asymptotic results. Corollary-



2.2(A) suggests that using any GEL implied probabilities instead of the naive empirical probabilities
(1/n) for re-weighting the variance matrix estimator does not change the second-order asymptotic
results. Also recall that in the spirit of the moment restrictions models in (2.1), under Hy : 6 = 6y,
these results are supposed to be uniform with respect to the possibly infinite dimensional nuisance
parameters 1 € A(fp). Monte-Carlo experiment-I in Section 3 studies the accuracy of these results
implied by Corollary-2.2 in samples of reasonable size and under various specifications of 7.
Scenario 2: When the moment vector is skewed, without any re-weighting, the estimator of
the variance matrix is correlated with the average moment vector causing the score test to be size-
distorted (see Altonji and Segal (1996), Horowitz (1998)). A solution is to re-weight the variance
matrix estimator with the EEL implied probabilities. This was proposed by ABR-07 and was
formulated into a score statistic by Guay and Pelgrin (2008). Note that in this case the proposed

solution is to use as the score statistic the relevant quadratic form of

lneo (‘%;ibaﬂ'EEL,i,n(eO)) = l?llZGi(e) lz TeEL,in(00)Vi(0) Vngn(60o)-

Corollary-2.2 suggests that using any other GEL implied probabilities or (1/n) instead of EEL for
re-weighting the variance estimator does not change the second-order asymptotic results. Monte-
Carlo experiment-II in Section 3 studies the accuracy of these results implied by Corollary-2.2 in
samples of reasonable size and under various specifications of 7.

As a representative of GEL other than EEL, we select EL and use it throughout the paper. In
addition to the results in Newey and Smith (2004), another reason behind this choice is the well
known optimality properties of the EL likelihood ratio (LR) test (and its similarity with the LR
test based on maximum likelihood estimation). See Kitamura (2006) for a survey. In the same
article (see page 44), Kitamura also asks if this nice property of EL carry over to the score type
tests. Our setup provides a platform to examine this question.

We find that in the presence of weak identification re-weighting the Jacobian estimator with the
EEL implied probabilities provides significant gain over 2S-GMM score tests. However, although
innocuous for first-order asymptotics, additionally re-weighting the variance estimator by the EEL
implied probabilities can cause severe size-distortion in small samples. On the other hand, in the
case of the EL implied probabilities, re-weighting both the Jacobian and the variance matrix estima-
tors provide the most accurate approximation, although re-weighting only the Jacobian estimator
becomes equally good in relatively large samples.

In the presence of skewed moment vector, using the EL implied probabilities to re-weight both
the Jacobian and the variance matrix estimators provide the most accurate approximation. Using

EEL implied probabilities produce bad approximation which can be even worse than that of 2S-

10



GMM in relatively small samples. We note here that Chaudhuri and Renault (2011) found a partly
similar result in the context of a simulation experiment in covariance structure models in the sense
that EL performed better than EEL, which in turn performed better than 2S-GMM.

Over all, the asymptotic equivalence of the GEL class only seems to hold when the sample
size is relatively large. Perhaps a way to justify the break down of asymptotic equivalence is to
note that the result on the order of magnitude of the difference in GEL implied probabilities in
Lemma—~2.1(A) is not uniform over observations i = 1,...,n. While shrinkage in the spirit of
ABR-07 and Dovonon (2008) can correct for the negative EEL implied probabilities, often, without
proper trimming, certain influential observations can result in large EEL implied probabilities and
thus distort the asymptotic equivalence results and subsequently the behavior of the score test.
Note that the EL implied probabilities are between 0 and 1 by construction and, in a correctly
specified model, are quite stable (Schennach (2007)). Probably this is the reason behind the better
performance of score tests based on the EL implied probabilities.

Monte-Carlo experiments III and IV in Section 4 study the same for testing a sub-vector of
6, i.e., for null hypotheses of the form Hyo : 61 = 019. For 65 such that 6 := (0, 05)’, the sub-
vector score tests require that an estimator of 65 (obtained by minimizing with respect to 6, the
corresponding objective function constrained by 61 = 619) be plugged in the score statistic. We
call them generically the conventional plug-in based score tests. Since such computations can be
difficult with EL implied probabilities, we suggest the use of Neyman’s C'(«) form and replace 65
by any easy to obtain estimator that is \/n-consistent under Hj and local alternatives. This results
in an asymptotically equivalent score test (when they are known to work) and our simulations in
Monte-Carlo experiments III and IV show that it performs comparably to the conventional plug-in
based score tests.

However, as mentioned in the Introduction, it is not clear if any of these plug-in based tests is
not upward size-distorted when 6 is weakly identified (see Chen and Guggenberger (2011)). Hence
we also extend the projection-based test of Chaudhuri and Zivot (2011) to the GEL setup described
above. The main issue with this test is that: being of a projection type, in finite samples it may not
be as powerful as the plug-in based tests when there is actually no problem of weak identification.
This does not seem to be a serious problem in our simulation results from Monte-Carlo experiment

IT1.
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3 Testing for entire parameter vector, H, : 6 = 0,

3.1 Various Score tests and their asymptotic properties

As discussed in the last section, following Newey and West (1987), the score statistic for testing
Hy : 0 = 0 is designed as a quadratic form of ,, ¢(6o; 7% (69), 7" (60))/+/n in (2.6) with respect to
the inverse of an estimator of its asymptotic variance. The asymptotic variance is estimated by
T,.0(00; 7% (0p), 7V (0p)) where, for any 6, we define similar to (2.6),

-1

lz ) (O)Vi(0) (3.1)

[_Z mE(0)Gi(0)

Tnyo (Q;WG(G),WV(G)) = li 74 (0)Gi(0)

Therefore, the generic form of the score statistic is £, ¢ (90; 7% (), WV(QO)) where
LMy 0 (0;79(0), 7Y (6)) =11, 4 (6;7(0), 7V (0)) T, (6; 7 (0), 7" (9)) Lnp (67 (6), 7 (0)) . (3.2)
The score test rejects Hy : 8 = 6y at the nominal level « if

LMy, 0 (0037 (00), 7" (00)) > Xg,1—a~

While one is free to use different sets of weights to re-weight the estimator of the Jacobian and/or
the variance matrix appearing in I, g (9;7TG(9),7TV(9)) and Z, g (9; 7TG(9),71'V(9)) respectively, for
the purpose of our simulations we choose to use the same set of weights. Also keeping in mind that
three sets of weights that we are particularly interested in are the naive empirical probabilities and

the implied probabilities from EEL and EL, the particular score statistics employed here are:
(A) 2S-GMM: £M,, ¢ (60;1/n,1/n) — see Newey and West (1987).

(B1) EEL-Hybrid-1: £, ¢ (0o; TEEL,in(00),1/n) — see Kleibergen (2005).

(B2) EEL-Hybrid-2: £, ¢ (6o;1/n, TgELin(0o)) — see Guay and Pelgrin (2008).

(B3) EEL-Hybrid-3: £, ¢ (60; TEEL,i,n(00), TEEL,:.n(00)) — motivated from ABR-07.

(C1) EL-Hybrid-1: £, 6 (60; 751.1.0(0),1/n) - see GS-05.

(C2) EL-Hybrid-2: £, ¢ (6o;1/n, 7L in(00)) — EL version of Guay and Pelgrin (2008).

(C3) EL-Hybrid-3: £M, ¢ (00; 7EL.in(00), TELin(00)) — see GS-05.16

Since we allow for weak identification, it is well known that the score tests in (A), (B2) and (C2) do

not have correct asymptotic size. It is also known, at least since Kleibergen (2005) and GS-05, that

6Since GS-05 do not explicitly state which variance estimator is used in their equations (3.5) and (3.6), both EL-
Hybrid-1 and EL-Hybrid-3 are encompassed in their framework.
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the other tests have correct asymptotic size. For the sake of completeness, we briefly list below the
asymptotic properties of these other GEL score tests, i.e., (B1), (B3), (C1), (C3), under standard
assumptions that also allow for weakly identified . See GS-05 for a comprehensive treatment of
these tests.

Assumption O: (parameters and parameter spaces)

O =0, x 0, and 0 = (02,0%) where 00, € interior(6,) C RP*, 0 € interior(6,) C RP* and
O, 0,, are compact. (The cross-product form of O is not necessary but taken for convenience.)
Definition of hypothesized value 6:

0p € O™ := interior (©,, x O) where O7 := {0" = §° + d,/\/n for some ds; € RP=} C O,.
Assumption ID: (weak identification)

The expectation of the average moment vector is E[g,(0)] = m¥(0)/v/n + m(6;) where

(i) m¥(0) : © — R* is a continuous function such that m? () — m™ () and M (0) := Om¥(0) /00" —
M®(0) uniformly in 6 € ©". m™(0°) = 0, m* () and M™ () are uniformly bounded for § € "
and continuous in 0 at {6°}.

(ii) m(fs) : O — R¥ is a continuous function and m(fs) = 0 if and only if s = 69. M(0,) :=

om(605)/00", such that it is uniformly bounded for 6, € ©7, and continuous with full column rank

at 0, = 0Y.

Assumption S: (moment vector and its derivative)

(1) maz: <icn suppcon 19:(6)] = op(v/).

(ii.a) g;(0) is twice continuously differentiable in § € ©™.
(ii.b) Gn(0) == 0G,(0)/00" = [Guwn(0),Gsn(0)] = E[Gn(0)] + 0,(1) uniformly in § € O™ where
E[G,(0)] = 0E[gn(0)]/00' = M»(0)/+/n + [0, M(65)] by imposing interchangeability of the order
of differentiation and integration (and from Assumption ID).

(ii.c) Avec(Guyn(0))/00, = Gu(0) + 0,(1) uniformly in 6 € O™ where G, (0) is uniformly bounded

for § € O™ and is continuous in 0, at {6%}.

(iii) For 6, € interior(6y), let O,50 = (6/,,6%). Assume that

wI s

Uy 9ws° P — v Qws
o k'(><1 ) — n gn(awso) - E[gn(ews“)] - gngl 0)

Uy n (0ps0) V(G (0s0) — E[Gun(0uwso)]) Uy (0ys0)
kpw x1 kpy x1

where [} (650), V5, (0s0)] is @ mean zero Gaussian process with covariance matrix

A!]g (ewasov ewbso) Agw (ewasﬂaewbso)

kxk kxkp
A(ewaso, Qwhso) = w
Awg(ewasﬂ>0wbso) Aww (ewaso, ewbso)
kpw Xk kpw X kpw
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for any two 0y,,0u, € Ouw. ¥u(0us0) and ¥, (0,50) are uniformly bounded in probability for
6 € interior(©,,) x {6°}.

(iv.a) Vyq(0) and Vi,4(0) are respectively k x k and kp,, x k matrices such that they are bounded
for 6 € ©,, x {07} and are continuous in 65 at {83}. V,4(6) (and V,,'()) is also positive definite
for § € ©,, x {09} Furthermore, Viyg(0,50) = Aug(Buso, Ous0) = AL, (050, Ous0) = Vi, (Bus0) and
Vi uss) = By (O, ).

(iv-b) Vig(0) := X1y 9i(0)[6:(0) — Gu(0)] /m = Viu(6) and Vi (6) := Y vec(Gui(6))[i(0) —
Gn(0)]’/n are respectively k x k and kp, x k matrices that are continuous in 6y at {6} and
uniformly bounded in probability for § € ©™. Furthermore, KN/gg(H) = Vy4(0) + 0,(1) and I7wg(0) =

Viwg(6) + 0,(1) uniformly and 1799(9) is positive definite almost surely for § € ©™.

Theorem 3.1 Forf € ©" define G (0) = [Gun(6), Gon(8)] where G (8) is a k X p, matriz such
that vec(Gun(0)) = nvec(Gun(0)) — ng(ﬁ)f/_l(ﬁ)\/ﬁgn(ﬂ). Then the following results hold as

99

n — 0o under assumptions O, ID, S and p:

(A) If n¢(0) = 7,:.,(0) and 7Y (0) = 1/n or mp; ,(0) for all i =1,...,n, then

0o (0;7(0), 7 (0)) = 1, 0(O)Z, 5 (0)ln,0(0) + 0p(1)
uniformly in 0 € ©" where I, (0) := G, (0)V,,' (0)v/ngn(0) and L, (0) := G, (0)V, ;1 (0) G (0).
(B) Let the hypothesized value 0y be such that 0y := Oyen = (0.,,0")" € O™ where 0, € is fized and

07 = 00 +d, /\/n for some fized ds. Define G(0y,ds) := [Gu (B, ds), M(0°)] where Gy (0, ds)

is a k X py, matriz such that

Uec(éw(awa ds)) = \I/w.g( wso) [gw( wso) - ng(01uso)vg;1(ewso)[mw(owso) + M(gg)dsuv

Compare with Corollary-2.2(A)

Ouso 1= (01,,0°) and where oy 4(0ys0) = Wy (Bs0) — Viwg (0us0) Vg (0150 )Wy (Byps0) is inde-
pendent of Wy(0,50) by construction. If &(0) = 7,.:,(0) and 77 (0) = 1/n or mp,;n(0) for
alli=1,...,n, then

£M,1.0 (60: 7% (00), 7" (60)) 2§ (B ds) Vg /* (Bs0) P (V,W (0150) G (B, s )) (045030, ds)

99

where §(0w, ds) = U g(0ypso) + [M™ (Oyso) + M(6%)d,)].

Part(A) of the theorem states that the score statistics in which the estimator of the Jacobian is
re-weighted by the GEL implied probabilities are first-order asymptotically equivalent under our

assumptions. This, naturally, is a sufficient condition for the first-order asymptotic equivalence of
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the corresponding score tests.

Part(B) of the theorem specifies the hypothesized value 6y and states the asymptotic distribu-
tion of the score statistic at this particular value. When 6, = 62 and ds = 0, i.e., at 6y = 6°, the
score statistic £0,9 (60; 7 (6o), 7" (6o)) 4, X3 conditional on Wy, 4(6°), and hence uncondition-
ally. Therefore, the score test has correct asymptotic size. On the other hand, for deviations from
the truth in the form of 6,, # 69 and/or ds # 0, the statistic £I0,, ¢ (90;7‘('(;(90),77"/(90)), condi-
tional on W, 4(fys0), converges in distribution to a non-central X?) with non-centrality parameter

(0, ds) 11(0, ds) where

pOuds) = [0 0V 00)O00 )] 0000V Ou)I® Bu) + M (00)d,)]

1/2'

= [M'(0)V;5" (Bus0)M(62)] " ds if pyy = 0.

Therefore, in the presence of both weakly and strongly identified parameters the score test (con-
ditional on W, 4(6,s0)) has nontrivial power against \/n-deviations along the strongly identified
components. Along the weakly identified components, the score test can have nontrivial power
only against fixed deviations from the true value. The second line of the above equality leads to
the standard (unconditional) power function of a score test when all the elements of 6 are strongly
identified, and holds for all the score tests (A), (B1)-(B3), (C1)-(C3) considered here.

Finally, we note that unlike the problem with weak identification, which manifests itself in the
first-order asymptotics (O(1)), the problem with the skewed moment vector only manifests in the
second order (O(n~1/2)), and hence a convenient and convincing theoretical modeling of it is more
difficult. For this reason, simulation based study of their effect in finite samples seems to be useful.
We study the finite sample properties (rejection rates for true and false values of #) of the score

tests based on all the above score statistics in Monte-Carlo Experiments I and II.

3.2 Monte-Carlo Experiment 1

3.2.1 Design

This is similar to Design IIT of GS-05 that studies the robustness of the score test to the skewness
in the distribution of the structural errors in a linear IV model. We modify the design slightly so

that the regressor is actually endogenous, while preserving the skewed distribution of the structural
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error. We draw i.i.d. copies of w; = (y;, X;, Z,) for i = 1,...,n from the following DGP-I:

y = X60°+u,
X = Z'+9,
_ 2
u = pﬂ'i_ p(2_1)7

and (e,9) ~ N(0, I) independent of Z ~ N (1, I;). We define II := C'/\/n where C = cl}, is gener-
ated such that the concentration parameter p = 1II' """ | Z; Z/I1/k is 0 (complete un-identification),
1 (weak identification) or 10 (strong identification). The sample size n is chosen to be 100 (small
sample) and 1000 (reasonable for a micro-econometric application). The number of instruments is
chosen as k = 2,4,8,16 in a way that attempts to capture the fixed (number of) moment asymp-
totics, the many weak moment asymptotics (for n = 100, k = 8,16 and g = 1) and the many strong
moment asymptotics (for n = 100, k = 8,16 and p = 10). The level of endogeneity, p, of X and
the skewness of the moment vector are made to vary inversely — skewness is 0 when p = 1. This
helps to disentangle the effects of these two factors — endogeneity of the regressor and skewness of
the structural error — on the inference of the structural coefficient 6. In particular, we choose p =0
(skewness ~ 11.3), p = .5 (skewness ~ 7.4) and p = .9 (skewness ~ .9) to signify low, medium and
high level of endogeneity (high, medium and low level of skewness) respectively.

In this case the moment vector is

g:(0) = g(w;, 0) = Z;(y; — X;0), where w; = (y;, Xi, Z,) isi.id. Vi=1,...,n, (3.3)

and the specification of endogeneity, skewness, strength of instruments, etc. described above models
certain relevant elements of the infinite dimensional nuisance parameters 7 to check the robustness
of the approximation results in Theorem-3.1. The score tests only use the information/restriction
(2.1) based on this moment vector. We ignore the other facets (such as independence of Z
and u) of the DGP described above because the researcher is often reluctant to make these as-
sumptions a priori. In particular, while estimating the asymptotic variance, we only assume that
Asym Var[y/ng,(0°)] = E[Z; Z!(y; — X;0°)?] and not E[Z;Z!] x Var[y; — X;0°] although the latter
is also true for DGP - 1.7 Hence the EEL Hybrid-1 version should not be confused with Kleibergen
(2002)’s K test.

17A logical extension will be to ignore the i.i.d. nature of the data and use a HAC variance matrix for the average
moment vector. However, we avoid this so as not to confound the answers to our primary questions by issues (like the
choice of bandwidth) related to the HAC estimator.
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3.2.2 Results

Based on 5000 Monte-Carlo trials, we report in Table-1 (for n = 100) and Table-2 (for n = 1000)
the empirical rejection rates of the true value § = §°(= 1) for all the tests with nominal level 5 %.

The 2S5-GMM score test performs well where it is supposed to do so. However, with weak
identification and /or skewed moment vector, it is severely size-distorted — the upward size-distortion
is more prominent in case of the former. (The problem gets worse when the number of moment
restrictions increases.) With the level of skewness and weak identification specified in this design,
it seems that proper weighting is more necessary for the estimator of the Jacobian than for the
estimator of the variance matrix, and is borne out by comparing the results corresponding to
the Hybrid-1 versus the Hybrid-2 versions of the EEL and EL score tests. This should not be
surprising because weak identification manifests as distortion in the first-order asymptotics (O(1))
while skewness in the the second order (O(n~'/2)). We find that the Hybrid-3 version of the EL
score test provides more improvement over the Hybrid-1 version. However, contrary to ABR-07’s
result of the higher-order equivalence between EL and 3S-EEL, this is not true for EEL. Overall,
considering the size-distortion due to endogeneity /weak identification, skewed moment vector and
many moments (weak and strong), we find that the Hybrid-3 version of the EL score test performs
the best. This is even more true when the sample size is large (n = 1000) as is found commonly in

micro-econometric applications.

3.3 Monte-Carlo Experiment II

3.3.1 Design

This design is commonly employed in papers studying the properties of GEL-type estimators. See,
for example, Hall and Horowitz (1996), Imbens et al. (1998) (Model 2), Kitamura (2001), Schennach
(2007) and Dovonon (2008) (Design D) for discussions on the rationale behind this design. We draw
ii.d. copies of w; = (X14, X0y ..., Xgi) for i =1,...,n from the DGP-II:

X7 ~ N(0,.16), X2 ~ N(0,.16), X; ~ x7 for j =3,...,k,

and Xi, X, ..., X are independent. The moment vector is defined as
gl(o) = g(wzae) = Z’LT(XlivXQ'LaQ)a
where Z,L' = (l,Xgi,Xgh...,in)/,
T‘(Xli7 XQZ‘, 9) = exp [—72 — (Xlz' =+ XQ»L)H + 3X22] —1

17



and the moment restrictions in (2.1) are satisfied for § = 6% = 3.

We choose the sample size n = 100, 200, 500, 1000 and the number of moments k = 3, 10.

3.3.2 Results

Based on 5000 Monte-Carlo trials, we report in Table-3 the empirical rejection rates of the true
value § = 0°(= 1) for all the tests with nominal level 5%.

While, in general, the finite-sample size for none of the score tests is very close to the nominal
level (which, in this experiment is the first-order asymptotic size for all the score tests), the EL
Hybrid-3 score test performs uniformly better than the rest for all specifications. Note that, unlike
in Monte-Carlo Experiment I, here EEL Hybrid-3 can provide size-refinement over EEL Hybrid-1,
and this is observed for relatively larger sample sizes. In this experiment, there is no problem of
endogeneity but the moment vector is skewed. Hence proper weighting in the estimator of the
variance matrix (i.e., Hybrid-2) should be more important than the same for the Jacobian (i.e.,
Hybrid-1). This is evident for the EL score tests but only supported for the EEL score tests with
large sample size and large number of moments. The performance of 25-GMM score test is poor
but better than that of the EEL score tests and the EL Hybrid-1 score test. The ranking between
the 25-GMM score test and the EL Hybrid-2 score test is not clear. We conclude by noting again

that the EL Hybrid-3 score test performs the best, unambiguously.

4 Testing for sub-vectors, Hiy: 61 = 649

The last section provided evidence of the superior performance of score tests for the entire parameter
vector, i.e, of Hy : = 0y, when the EL implied probabilities are used to re-weight the estimators of
both the Jacobian and the variance matrix. However, the computational advantage of score tests,
especially with the use of the EL implied probabilities, is less when we are only interested in a
sub-vector of §. This is because the elements of § that are not specified by the null hypothesis need

to be estimated.

4.1 Various Score tests: computation and other considerations

We briefly describe below the procedure for designing the conventional score statistic. Then we
suggest an alternative and computationally convenient form of the score statistic following Neyman
(1959)’s C(«) principle. This alternative form is considered throughout the paper as the plug-in
score statistic. Finally we extend the projection-based score statistic proposed by Chaudhuri and

Zivot (2011) to the GEL setup of our paper. Unlike the plug-in based tests, this GEL-projection test
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guarantees against uncontrolled upward size-distortion when any element of 6 is weakly identified.

Consider the partition of 8 = (07,05)" where 61 is p1 x 1 and 65 is pp x 1 with p = p; + pa.
Accordingly, let 69 and 6 be such that 0 = (69,09) satisfies the moment restrictions given
n (2.1). The null hypothesis specifies §; = 61p. However, the unknown ”nuisance parameter”
0> is unspecified and the user needs to fix some value of 8 to plug-in, along with 6y;, in the
score statistic given in (3.2). The standard practice is to plug-in 6o, = (8], 64, (610))’, where
§2n(910) = ggn (910;7TG(§0n),7rV(§0n)) is the estimator of #> under the restriction 6; = 619 and
solves the (approximate) first-order conditions, i.e., the last ps rows of (2.2) with 6; replaced by

.18
9107'

-1
Lo (é%;wc(éo”)wv(%n ) : [Zw (Bon)G.i (Gon) ] lzw (on)V: eOH)] VG (Bon) = 0p(1).
= (4.1)
In connection with (2.2), note that we have used the partition G;(0) := 9g;(8)/00" = [G1,:(0), G2,:(9)]
where G ;(6) := 0g;(0)/09] is the k x p; matrix of partial derivatives of g;(¢) with respect to ¢; (for
1=1,2). So l,2 (6;7(0), 7V (#)) constitutes of the last py = p — p1 rows of I, 9 (0; 79 (6), 7V (9)).
One can similarly define I, (6;7%(0), 7V (9)) as the first p1 rows of 9 (6;7(0),7" (#)) that
corresponds to the k x p; sub-matrix G1;(6) of G;(6).

The conventional plug-in based score test rejects Hyg : 61 = 6019 at the nominal level « if
LM, 0 (50n;7rG(§0n),7rV(§0n)) > X2, 1_o- Therefore, with the conventional form of the score
statistic, one cannot hope to exploit the information in the EL implied probabilities and at the
same time avoid the EL estimation of 6.

To avoid such estimations, we suggest the use of an alternative form of the score statistic that

can also be viewed as Neyman’s C(«) statistic. This statistic is defined as

LMy 1.2 (0;79(0), 7V (0)) := 1,15 (0:79(0), 7V (0)) T, 115 (0: 7 (0), 7" (0)) lnp.2 (67 (6), 7V (6)) .
(4.2)

The notations used in (4.2) are as follows. For the triplet & := (6;7%(0), 7" (6)),

n12(€) = 101 () = Tn12 () T, 5 () ln2 (§),

Tna12(8) = Zn11(§) —Ina2(§) 177%2 (6) Zn21 (€),
Z’/T Gl z ‘| Zﬂ' (0) [ZW Gl/ i ]

18Unless, there is a chance of confusion we suppress the dependence of the estimator of 8, on the weights used for the
estimator of the Jacobian and the variance matrix in (4.1). In cases where this dependence is made explicit, we suppress
the dependence on the hypothesized value 01¢ for the parameter of interest because that is obvious.

where Z,, ;i (6; (), 7V (9))
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for I,/ =1,2. When (4.1) holds exactly (and not just up to op(1/4/n)), we obtain the following

numerical equivalence,
'an,l.Z (50717 WG(évOn)» WV (5077,)) = Smnﬁ (5077,; WG(g(Jn)v 7TV (§On)) .

The computational advantage of this alternative form was exploited by Chaudhuri and Zivot (2011).
In the context of 25-GMM and EEL-Hybrid-1 and in the absence of weak identification, they showed

that for any hypothesized value ;¢ in the \/n-neighborhood of the true value 69,
‘Sm’ml.Q ((0(]?7 02n)a 7T-G(e(]?7 92n)7 WV(9?7 92n)) = Emn,l.? ((6?; 0(2))7 ﬂ-G(e?a eg)a 7TV(9(]?7 98)) + OP(l)

where 65, is any /n-consistent estimator of #3. It is obvious that under the same scenario this
nice property extends to all the score tests considered in our paper. We prefer this C'(«) form
over the conventional form because the former allows the practitioner, who wishes to use the
EL(GEL) implied probabilities for re-weighting but wants to avoid the EL(GEL) estimation of 82, to
simply plug-in the computationally convenient 25-GMM estimator of 62 and obtain asymptotically
equivalent results in cases where the conventional plug-in score tests have correct asymptotic size.!?

In the current paper we will refer to the GEL plug-in score test as the test that rejects Hig :

01 = 01¢ at the nominal level « if
293?'@,1.2 <§On§ 7"-G(g(m)a7""/(§On)) > X;12>1,1—a7

i.e., the test that plugs in 6a, (f10) obtained as the solution of (4.1).

However, it is also known since GS-05 that when the elements of 6, are weakly identified, neither
the conventional plug-in score test nor the GEL plug-in score test has correct asymptotic size.?"
As mentioned in the Introduction, there seems to be some confusion in the literature regarding the
asymptotic size of these plug-in tests. In the context of CU-GMM, while Kleibergen and Mavroeidis
(2009) contend that such score tests are downward size-distorted, Chen and Guggenberger (2011)
contend that they can be upward size-distorted.

In the view of this confusion we think it is safer to use some kind of projection methods for such

tests of sub-vectors. Accordingly we extend here the projection-based test proposed by Chaudhuri
and Zivot (2011) to the entire GEL framework in the full generality characterized by (2.2). We

19This convenience is similar in spirit to the higher-order asymptotic equivalence between ABR-7’s 3S-EEL estimator
with the EL estimator. Recall that ABR-07’s asymptotic equivalence, unfortunately, did not translate into similar finite-
sample properties of the EEL-Hybrid-3 and EL-Hybrid-3 score tests in the last section. Therefore, it will be important

to check the accuracy of this computation-facilitating approximation in the subsequent Monte-Carlo experiments.

20Recall that if the empirical probabilities (1/n) are used for 7% (6o, ), then the test has incorrect asymptotic size when

any element of 0 is weakly identified.
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call this the GEL-projection test. Chaudhuri and Zivot (2011) demonstrated that this particular
kind of projection is less conservative than the usual projection-based tests (also see Zivot and
Chaudhuri (2009), Chaudhuri et al. (2010)). This GEL-projection test, in its generic form, rejects
Hyp: 61 =6y if

inf £om,, 0o1,02); 7% (001, 02), 7 (001,02)) > x> 4.3
02€C2738—T,910) 1.2 (( oL 2) T ( 0L 2) & ( 01 2)) Xpl,l—oz ( )

where Ca,, (1 — 7,610) is a region, possibly dependent on 61y and n, such that it contains 69 with
probability approaching (at least) 1 — 7 whenever 6 = 6;9. Additionally, for the asymptotic
equivalence with the plug-in GEL score tests in the absence of weak identification, we would require
that if 09 = 619 + d1/v/n, then Copn(1 — 7,019) belongs in the y/n-neighborhood of 69 almost
surely. Finding such a region is not difficult. When 6, is weakly identified one can invert a weak-
identification robust test such as the Anderson-Rubin-type tests, Kleibergen (2005)’s K test, or more
generally the tests described in GS-05. When 65 is not weakly identified, one can simply obtain a
Wald-type confidence region based on the estimator 5271(010) = §2n (910; WG(%H), il (50,1)) with a

convenient choice of 7TG<§0n) and 7 (5071)-

4.2 GEL-projection test: asymptotic properties

The conventional plug-in tests have already been extensively studied in Kleibergen (2005), GS-05 ,
Kleibergen and Mavroeidis (2009) and Chen and Guggenberger (2011). Since it is not clear that they
are never size-distorted upwards under our setup, in this section we do not report their asymptotic
properties. However, there is some thing apparently new about our claim to the computational
advantage of the alternative form of plug-in tests. We claimed that when the conventional plug-in
tests are known to have correct asymptotic size, i.e., when 65 is not weakly identified, one can safely
replace 65 by, say, its computationally convenient 25-GMM estimator and at the same time use the
EL implied probabilities to design the sub-vector score test. We prove this result in Lemma-4.1.
Other than this, we focus exclusively on the projection-GEL test in this sub-section. By virtue
of projection, and using the results of the full-vector tests in GS-05, it is straightforward to show
by Bonferroni arguments that the asymptotic size of this test can always be bounded by any

2L What is important about this test is the following: This test is

pre-specified level (7 + a).
asymptotically equivalent to the plug-in based tests when there is no problem of weak identifica-
tion. No other projection-based test shares this property. Hence in our discussion (theoretical and

simulation-based) of the projection-GEL test we will focus on this particular property.

The assumptions under which the asymptotic properties are stated are same as those for the

2INote that no test has correct asymptotic size under the assumptions our paper.
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test of Hy : @ = 0. However, since our interest is in the sub-vector test under the scenario where
the elements of 1 and 05 can both be weakly and strongly (not weakly) identified, it will be useful
to point out the connection by specifying the regrouping and partition of the spaces, vectors and

matrices defined in assumptions ©, I D and S and definition ©™. We list them below:

(©): 0:=(01,0), 01 :=(0),,,01,), 02 := (04, 05,) and accordingly the partition ©; = O1,, X O15
and Oz = Oy X Oy, Oy 1= O1y X Oy, Oy = O15 X O where Oy; C RPY is compact for
l=1,2,j =w,s.

(©™): Same as 6.

(ID): M™(0) = [M{3,(0), M{5(0), M3, (0), M33(0)] where M7(0) := 0m™(0)/06;; for | = 1,2 and
Jj=w,s. M(0s) = [Mi(6s), Ma(6s)] where M;(05) := 0m(6,)/06,, for | =1,2.

(S): (ii.b) EGn(0)] = OE[5a(6)]/06' = M(8)/y/n+ [0, M (6,), 0, Ma (0,)].

(9): (ii.c) Holds for dvec(Gy 1 (0))/00, for I = 1,2.

(8): (iii) The partition of W,, = [W1,,, W5, ]"; Agw = [Ag1, Aga] = AL, and Ay = (Ap)1 =12
follows the partition of 0, = (61,,,0%5,)’, i-e., the partition of the weakly identified elements
of 6 into those from #; and 05 respectively.

(S): (iv.a) Same as S(iii).

(S): (iv.b) Same as S(iii).

In Lemma-4.1 we show the computational convenience provided by the alternative form of plug-
in tests. As the reference test, we consider the EL-Hybrid-3 just for the sake of being specific. The

result extends to entire GEL class of tests when the reference is known to have correct asymptotic

size.

Lemma 4.1 Let the hypothesized value 619 be such that 019 := (8},,0%) € ©" where 07, =
09, + di/\/n for some fized di. Assume that pa, = 0 i.e., there is no weakly identified element in
05.22 Consider the following two estimators of 05 under the restriction imposed by Hyg : 01 = 01¢:
(i) B0 = §n2(910,7TG,7TV) obtained by solving (4.1) for 62 with 7% = 1/n or any 7,;, and
™V =1/n or any Kpin,
(ii) OFF .= 5,12(910,@&1-7”,@&@”) obtained by solving (4.1) for 0s, i.e., the EL estimator.

Then the following holds as n — co under assumptions ©, ID, S and p:

LMy 1.2 (010,055 )i TELin (010, 055), KELi.0 (010, 053))

= £M,12 ((91079n2);7TEL,i,n(91079n2),f€EL,i,n(910,9n2)) +op(1).

22This is crucial for our proof and also for the fact that the plug-in GEL tests are known to have correct asymptotic
size under this assumption (see Kleibergen (2005) and GS-05).
23The recursive nature of the relationship in the expressions of 7, ; » and k, ;. is suppressed for notational convenience.
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Remarks: This result follows directly from the proof Theorem 6 in GS-05 once we note that
Vn (07{% - §n2> = op(1) (see Theorem 1 of Qin and Lawless (1994) and Lemma Al of Stock and
Wright (2000)). In fact, in the absence of any weakly identified parameters, i.e., when p,, = 0,
a stronger result holds: one can use any 6y in the \/n-neighborhood of #9 to obtain the same
asymptotic equivalence. This is the result that follows from Neyman (1959) and is exploited in
Theorem-4.2(B) below following Chaudhuri and Zivot (2011). On the other hand, the result in
Lemma-4.1 is the modification necessary to allow for weakly identified elements in the hypothesized
parameter 6.

In the next result, we describe the relevant asymptotic properties of the GEL-projection test.

Theorem 4.2 The following result holds as n — oo under assumptions ©, ID, p and S:

(A) If the region Co (1 — 7,010) is such that liminf,, .o Pgo {08 €Copn(l—r, 001)} >1— 7 when
010 = 0 then the asymptotic size of the projection-based GEL score test defined in (4.3)

cannot exceed T + .

(B) Let the hypothesized value 61y be such that 619 := (6]

L 0) € O where 07, = 09, + di //n
for some fized di and assume that p, = 0 i.e., when there are no weakly identified pa-
rameters. Let the region Ca (1 — T,010) be non-empty and inside OF almost surely. Then
the projection-based GEL score test defined in (4.3) is asymptotically equivalent to the in-

feasible (because it uses unknown true 98) GEL score test that rejects Hig : 61 = 610 if

LM, 1.2 ((B01,69); 7% (001,69), 7V (601, 69)) > Xo 1o

Remarks:

(i) The first part of the theorem establishes that, like the other projection-based tests suggested in
the literature (see Dufour (1997), Dufour and Jasiak (2001), Dufour and Taamouti (2005b, 2007),
etc.), the asymptotic size of the GEL-projection test can also be bounded from above by any pre-
specified upper bound 7 + «. To the best of our knowledge, this property has not yet been proved
for the plug-in-based GEL score tests of GS-05 when elements of 65 can be weakly identified.

(ii) The asymptotic equivalence of the projection-based score test with the infeasible score test (that
plugs in the unknown true value 69 of ;) described in the second part is important. Note that the
plug-in based GEL score tests of GS-05 are asymptotically equivalent to this infeasible test in the
absence of weak identification. By virtue of the C(a) form of the test statistic and the restricted
nature of the projection, one does not lose any asymptotic power in this regular case, i.e., when
there is no problem of weak identification. This is not possible with the other projection-based
tests. See Chaudhuri and Zivot (2011) for more discussion on these results.

(iii) We have not specified what Ca ,,(1—7,601) is. The weak identification robust confidence regions

for 05, such as those obtained by inverting the K or the MQLR tests or their GEL counterparts, are
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possible candidates for such regions. Typically in addition to our assumptions, one would require
that Ms(6s) is full column rank and Vg4(9) is positive definite for § € ©, x OF, x Oy for the
condition required in Theorem 4.2(ii) to be satisfied. Computational advantage over the typical
sub-vector tests can be achieved if one uses, for example, C ,,(1—7, 0p1) based on EEL, in sub-vector

test based on the EL implied probabilities.

4.3 Monte-Carlo Experiment III

4.3.1 Design

There is no reason to believe that the problems with the score tests for the entire parameter vector
will disappear when testing sub-vectors. Given the additional complications of inference for sub-
vectors, such as consistent estimation of the nuisance parameters, we first consider a very simple
design by abstracting from the issues of weak identification. In this experiment we mainly focus on
the issues related to the variance estimator of the average moment vector. We draw i.i.d. copies of

w; for i =1,...,n from the DGP-III:

w; ~ Gamma(B° = 1,6° = 2)

and wish to use the first two moments of the Gamma distribution, i.e., E[w;] = 8°6° and E[w?] =
60602 + ﬁOQ 59 to conduct the score tests. However, in order to avoid the constrained estimation of
the nuisance parameters (note that, by definition, the shape parameter 8 and the scale parameter

0 of a Gamma distribution have to be positive) we re-parameterize them as

01 = exp[f] and 02 = exp|d],

giving 69 = 0 and 69 = .6931 (approximated). Accordingly, the moment vector is defined as

w; — explby + 62)

9i(0) = g(w;, (01,02)) =

U)l2 — exp[91 + 202] — €Xp[291 + 292]

and satisfies the moment restrictions in (2.1) for § = 6° = (69,09)". Now note that, for this

experiment

Gi(0) = [G14(0),G2.:(0)] = — exp[f1 + 03] explf + 62]

explbr + 202] + 2 exp[2601 + 205]  2exp[fy + 202 + 2 exp[261 + 265]
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is a constant (for given 61, 65), and hence there is no problem (e.g. size-distortion) due to weak
identification. So weights for the estimator of the Jacobian is moot. However, the moment vectors
are skewed — the first element of g;(6°) has skewness 2, while the second element has skewness
6.6 (approx). Moreover, the fourth moments of the two elements of the moment vector are large -
144 (kurtosis = 36) and 8687616 (kurtosis = 84.84) respectively. Hence problem with the variance
estimator might be an issue and, therefore, proper weighting for the estimator of the variance
matrix need not be inconsequential. In this experiment we ignore the Hybrid-1 versions (which is
same as 25-GMM) and focus on the relative efficacy of the Hybrid-2 (equivalent to Hybrid-3 in this
case) EEL and EL score tests over the 25-GMM score test.
We choose the sample size n = 100, 1000.

4.3.2 Results

Based on 5000 Monte-Carlo trials, we report in Table-4 (columns 3-5) the empirical rejection rates
of the true value 0; = 69(= 1) for the 25-GMM, EEL Hybrid-2 (3) and EL Hybrid-2 (3) score tests
with nominal level 5%. Since we observe that the finite-sample size of all these tests is much closer
to the nominal level as compared to what we saw in the previous experiments, we also report the
rejection rate (finite-sample power) for a grid of false hypothesized values in the same table.

A word on computation is in order here. The restricted EL estimator of 65 is computed using
the Matlab code of John Zedlewski (web link — http://www.people.fas.harvard.edu/~jzedlews/
matelikel4.zip). The availability of this package greatly improved the computational efficiency.
Nevertheless, even in this simple framework, we find it extremely difficult to the compute the EL
estimator of the nuisance parameter 6y for some of the false values of the parameter of interest
01, especially when the sample size is small, n = 100. As a result, we are unable to the report
the finite-sample power of the EL Hybrid-2 test with n = 100 because repeating the exercise of
finding the restricted EL estimator 5000 times at each hypothesized value 01y of 61 seemed quite
formidable to us and the final solution was not stable.

The C(«) form of the score statistic in (4.2) becomes useful in this scenario. Recall that
unlike the asymptotic size of the conventional plug-in score tests, the same based on the C(«)
statistic is not affected when the nuisance parameter is replaced by any /n-consistent estimator.2*
In this case, we consider the EL Hybrid-2 (3) score test for which the nuisance parameter 65 is
replaced by the restricted 25-GMM estimator fa, (610;1/n,1/n) instead of restricted EL estimator
§2n ((910;wEL,i,n(éon),wEL,Z,n(éon))). We report the finite-sample rejection rates of EL Hybrid-2

(3) score test (with the 2S-GMM estimator plugged-in) in column 6 of Table-4.

24For this experiment the y/n-local asymptotic power of the score test based on the C(a) statistic is also not affected
by such replacements of the nuisance parameter 6>. This holds because there is no problem of weak identification.

25



To compare the reported finite-sample power of these tests with respect to a fixed benchmark
we report in column 7 of the same table an estimate of the infeasible asymptotic power obtained

from
Pyo {x? (ncp = (010 — 09) GLV 12N (v—l/iag) VU2 Gy (03 — 9?)) > Xi..%} L (44

We note that the 2S-GMM score test does not perform as poorly as it did in the other experiments.
The EEL Hybrid-2(3) score test performs the worst (unlike in the previous experiments).?> The
problem is compounded by the undesired decline in power for positive deviations from the truth.
This problem was already noted by Kleibergen (2005) in a different context. However, his solution
of using the so-called JKLM test in conjunction with the EEL score test cannot be used here
because that requires an over-identified model whereas ours is just-identified. Finally we note that
the performances of the EL Hybrid-2(3) score test, both with the EL and the 2S-GMM estimator
of the nuisance parameter 65, are comparable. This indicates that not much is lost in terms of
finite-sample size and power of the EL score test by plugging-in for the nuisance parameter the
25-GMM estimator as opposed to the computationally more demanding EL estimator.

Although the size-distortions in this experiment are not as large as compared to the rest, there
is still some upward size-distortion. In Table-5 we report the finite-sample size and power of the
corresponding projection tests. The finite-sample size of these tests are much closer to the nominal
level of 5% and the finite-sample power is not much lower than that of the corresponding plug-
in tests (as was stated in Theorem-4.2(B)). This clearly demonstrates the benefits of using the

projection test even when there is no problem of weak identification.

4.4 Monte-Carlo Experiment IV

4.4.1 Design

Here we focus mainly on weak identification of the sub-vector of interest 6; and do not allow 5 to be
weakly identified. Under this scenario the conventional GEL plug-in tests have correct asymptotic
size. This design follows Chaudhuri and Zivot (2011) where they study the projection-based tests

for subsets of parameters in a linear instrumental variables regression. We draw i.i.d. copies of

#5Since the EEL probabilities can be negative and thus cannot guarantee the positive (semi) definiteness of the variance
estimator, finding the restricted estimator of 62 by minimizing the EEL objective function becomes a problem. To avoid
this we used the shrinkage estimator of 2 by using the modified EEL implied probabilities proposed by Dovonon (2008).
Asymptotically it should not matter.
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w; = (yi, X1i, Xoi, Z]) for i = 1,...,n from the following DGP-IV:

yi = X1.0) + X209 + ui,
X1 = ZI + 94,
Xoi = Zy + 0y,

where u;, 14, U9; are jointly normal with mean zero, unit variance, Cov(u;, 91;) = Cov(u;,¥9;) = .8
and Cov(¥1;,7Y2;) = .3, and are independent of Z; ~ N (O, I;). We define II; := C;//n for
j = 1,2, where C; = ¢11}, is generated such that py := II{ Y"1 | Z; Z/1I; /k is approx 4/3 or 20,
and Cy = co1y, is generated such that po := 115> | Z; Z!115/k is 20. These quantities, y1 and us,
are not exactly the elements of the so-called concentration matrix because the covariance between
Y1 and ¥ has not been taken into account. However, individually gy and po can be regarded as
the concentration parameters (as in Monte-Carlo Experiment I) and with everything else same, the
identification of 8; (62) gets weaker as p1 (o) decreases.

The true values 69 = .5 and 69 = 1 satisfy the moment restrictions in (2.1) for the moment

vector

9i(0) = g(w;, (01,02)) = Zi(y; — X101 — X2402)

for ¢ = 1,...,n. The number of instruments is chosen as k = 4 and the sample size is chosen
n = 1000.26 Note that while we allow the number of moments (instruments) k to be as large as 16,

it is still small relative to the sample size in this experiment.

4.4.2 Results

Based on 5000 Monte-Carlo trials, we report in Table-6 the empirical rejection rates of the true
value § = 0'(= .5) for the EEL Hybrid-1, EEL Hybrid-3, EL Hybrid-1 and EL Hybrid-3 score tests
(tests that are known to have correct asymptotic size under this scenario). As in Monte-Carlo Ex-
periment 1, while estimating the asymptotic variance, we only assume that Asym Var[y/ng,(0°)] =
EZ;Z!(y; — X1:0) — X2;09)?] and not E[Z;Z!] x Var[y; — X109 — X2;09] although the latter is
also true for DGP - IV. Hence the EEL Hybrid-1 version should not be confused with Kleibergen
(2004)’s subset-K test.

While there is not much difference, in this design the Hybrid-3 version performs better than the

Hybrid-1 version of the EEL score test. For EL score test also the rejection rate (both true and

26Results for other choices of k are available upon request. Unlike the other experiments, we do not present here the
results for n = 100. We faced too many problems with the estimation of the restricted EL estimator of the nuisance
parameter 62 to be reasonably certain about the reliability of the simulations. However, the results for EEL with n = 100
are available in Chaudhuri and Zivot (2011).
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false) of the Hybrid-3 version is more than the Hybrid-1 version. Unlike in the other Monte-Carlo
Experiments, here EEL dominates EL both in terms of (less) finite-sample size and (more) finite-
sample power. In fact, the only case where EL (Hybrid-3 only) is more powerful than EEL is when
the number of moment restrictions is relatively large (16) and 6; is weakly identified. However, EL
also has a large upward size-distortion here and hence cannot be recommended. (As in Monte-Carlo
Experiment I, simulation results for EL with many moments are less trustworthy because chances
of making an error in computing the implied probabilities is really high.)

To assess the effectiveness of the C'(«) form and the projection-GEL test, we report in Table-
7 the finite-sample size and power of these tests based on EL for & = 4. These tests perform

remarkably better than the conventional plug-in test (reported in column 3 of the same table).
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A Appendix: Proofs

The proofs in this Appendix are direct applications of the results in Lemma-2.1 and Corollary-2.2.
Hence we prove these two results elaborately.
Proof of Lemma 2.1:

(A) A mean-value expansion of the RHS of the (approximate) first-order condition of the max-

imization problem in (2.3) gives,

or (\/15) - igp (X (0)3:(6)) 0:(6)

23 0(6) + 5 3 pa(0)5 O 6)0,.(6) + B0

= —gn(0) — Va(0)A, 0 (0) + R, (0), (A1)

where v; are the mean-values satisfying |v;| <[], ,(0)gi(0)] for all i = 1,...,n, and the remainder
term Ry, (0) = 23" [p2(0;) — p2(0)] 9:(0)g}(0) A, (0). Ignoring the contribution of Ry ,(0) in
(A.1), i.e., ignoring the term V,; 1(0) Ry ,,(0) gives

since V,,(0) and V,1(6) are assumed to be Op(1) in (iv) and g,(0) = Op(n~/2) by (ii) and (iii).
Precisely for this reason, if we can show that || Ry ()| = op(n~1/?) that will be sufficient for result

(A). This is what we prove below.

[Ban(0)] = H( [p2(v:) pz(O)]gi(G)gz'-W)) Ap,n(0)
< Z p2(0:) — p2(0)] 9i(0)g; (0) || x [|Xo,n(8)]
< max |pa(:) - Zgz )9:(0)|| % [ Xp,n ()] since g;(0)g;(0) psd
< bx max |5 x IVa(0)]] ||/\p,n(9)||
< bx max 195(0) A9, (0)] X Ymax (0) X [ Ao, (0]
< bx Jax 1G:(0)|| X bmaz X | Ap.n(0)]|* using (iv),
< b % b X Op(ea) X Npin(0)]2 = Op (callApn(@)2) = 0 (n71/2), (A2)
by repeated use of Cauchy-Schwartz and triangle inequalities and because ¢, = op(y/n) and

[Ap.n(0)] = Op(n=1/2). Therefore, (A.2) gives our desired result and hence the result (A).

(B) Expanding the numerator and denominator of the RHS of (2.4), and using the result
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obtained in (A) we get for any giveni=1,...,n

L [p1(0) + Pz(O)X 2 (0)9i(0) + {p2(vi) — p2(0)} X, ,,9:(6)]
&2 [p1(0) + p2 O)X n9i(0 ) + {P2(17j) p2(0)} X, ,,95(6)]
% p1(0) {V (9) +op(n™ )} 4 {pa(:) — p2(0)} N, ,.(0) i (6)]
1 [pa( {Vn 0)gn(0) + op(n=1/2)} + {p2(;) — p2(0)} N, ,,(8)g;(6)]
[ (9:(0 ) (9))/‘7_1(9)%(9)] + Bynun,in
1*gn(9)Vn '(0)9n(0) + Rpen g

Tpin(0) =

3= :\»—-

(A.3)

where the remainder terms in the numerator and the denominator are respectively

Rxvatin = 3 ~Ap2(0:) = p2(0)} Ay (0)9:(6) — %m(om;(e) x op(n™'/?) + %g’i;(ﬁ)Vn‘l(Q)gn(e),
Rppnn = — Z [{p2 vj) (0)} A, (0)g;(0) — p2(0)g;(0) x op(n~Y?)| .

First note that 7 is given (fixed) in the remainder term Ryyasi,n. Now exactly following the steps

as in (A) to deal with the remainder term we obtain for a given i =1,...,n
Rxvarinl < ~lpa(:) — p2(0)] X [Apm ()] % [0:0)] + =0 (®)] % 0p (= ) + Lg(0)V (6)gu (6)
NUM.,i,n = an [ P2 p,n i n i P \/ﬁ ngn n 9n
1 1 1, _
< XN Om O] < I O X s+ )] % 0p ) + 1801 x7,,6)
< Lbx @) % 19:0) ) + 19:(0)] ) 4 L1ga @)1 x b21, using (iv)
< b @I % i) + sl x 06 (577 ) + - Ign(O)I x bk, using (iv),

= Op (nllﬂ) x Op(1)+ Op(1) x op ( 51/2> +Op ( 1+ )
— op (é/g) (A.4)

because [|g;(0)]| = Op(1) by (i), [|g.(0)]| = Op(n=/?) by (ii) and (iii), and A, ,(0) = Op(n~=1/2)
by (A). We will use a similar technique to find the order of magnitude of |Rpgn | However, there
is an important difference: now we cannot work with a given i = 1,...,n and hence what will be
important here is the order of magnitude of ¢, := maxi<;<y ||g;(#)| and not simply ||g;(6)]|. So,

proceeding as before, we obtain that

[RpeNnal < Z{pz 9j) = p2(0)} A, (0 (0)| + 113 (O)] x 0p(n~"/2)
< max [p2(55) = p2(0) X gn O] X [1A0n (@) + 1190 (O] op(n~'"?)
< bx max X, (0)g5(O)] X 132 (O x 120 (O)]] + 119 ()] op(n~'/?)
< b max {lg; (O)[] x [lgn (@)1 ¥ 1A ()17 + 10 (O)I] X op(n™'/2)

op <n1/2—3/2) + Op(n—l) _ Op(n—l)
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because ¢,, 1= maxi<;<n [|g;(0)|| = op(v/n) by (i) and A, ,(8) = Op(n~1/2) by (A). Also, g.,(0)V,71(6)gn(0)
in the denominator of (A.3) is Op(n~") because ||, (0)| = Op(n~'/2) by (ii) and (iii). Therefore,
the entire denominator of (A.3)is 1+Op(n~!). Hence the result (B) follows from (A.3) and (A.4).m

Proof of Corollary 2.2:

(A) This follows directly from (vi) and the definition of the TggL ;. ().

(B) Since our result in Lemma-2.1(B) is not uniformin¢ = 1,. .., n we cannot appeal to maxi<i<p |7p.in(0)—

TEEL,in(0)| after applying Cauchy-Schwartz inequality. Instead, we directly work with the expres-
sion of the difference {7, ; »,(0) — TEEL,in(0)} = Ryvum,i(= Ryuwm,i/(1 +op(1l)) as was obtained
n (A.3). Also for notational simplicity, only in this proof, denote 37;” =Yin — tn, 9 = gi(6),
Gn = Gn(0), Vi, := Vo (0) and X := X, ,,(0). Accordingly, using Lemma-2.1(A), and (ii)-(vi), we

obtain

\/EZ i\}i,n {ﬂ-p,i,n (9) - 7TEE'L,i,n(a)}H
=1

n
Vn Z YinRNUM,in

x v/n||A]| +op(1) + 30V L x

1 < ~
< 1= Ying;
n

i=1

*Z{Pz 5) — p2(0)} Ving] ;ﬁz?

1 & ~
5;{@(%)—@(0)}% Z] || % VAIA + 0p() ngl + Vi L X 3
b x liwg-m li‘? g x\ﬂm\mp ZY g+ 3V g, x 1 Zn:ff-
ni:l 7 ni:l 1,nYq ,nYq n'n n \/ﬁizl 7,Mn

+ G0V L %

1 <~
= Ying!
n

i=1

2
Vil | 19407 % v NI+ 0p(1)

1< 1

2

NS SN ED
i=1 i

v 2
S ST IRY € w00 IR 65 o{ ) RETTY
i=1 i=1 =1
1 < ~ 1 o~
- Yvi,ngz/‘ = S/;,n

Op(1) x Op(1) x Op(1) x Op(nil/Q) +op(1) x Op(1) + Op(nil) x Op(1) = op(1),

Bl

+op(1) x + .V, x

from the standard arguments. m

Lemma-A.1 lists some intermediate results that are useful in proving the lemmas and theorems

stated in Sections 3 and 4 of the text.

Lemma A.1 The following results hold as n — oo under assumptions ©, ID, S and p:
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(i.a) Vn3 i 7GELin(0)Glwi(0) = élwn(e) +o0p(1) and 37, mi(0, p)Gisi(0) = élsn(‘g) + 0p(1)
uniformly in 0 € O for | =1,2. (Gun(8) and Gis,(0) are defined in (i.b).)

(i.b) For 0 € ©" and | = 1,2 let Gisn(0) be a k X pis matriz such that Gien(0) == Gien(0) and
Grun (0) be a kxpp, matriz such that vec(Gron (0)) := \/ﬁvec(é’lwnw))—%g( ) 4 (0)yv/ngn(0).

L 07), (05, 02.)) € ©" such that for | = 1,2, 0 =

09 + dy /y/n and dy = (d}, dy)’, the following hold:

(b1) vee(Grun (Busn)) > Wiy (Burso)+ [Gruo(Bunso s — Vig (o) Vigg (o0 ) [T Ouso) + M (60)dl]]

where Up.g(0150) = Wi (0us0) — Vig(0uso)Vyg! (0uns0) W (0s0) is independent of Uy (0s0),

(62) Giran (Buwar) 2> M (69).

For any given sequence @,en = ((

(i1) Z ., TGEL,in(0)Vi(0) = XN/gg(Q) +0,(1) £, Vg (Bwso) uniformly in 6 € O™,

Proof:
Point-wise convergence for any 6 € ©" follows when we consider all these matrices column by

column and then use Corollary 2.2. Uniformity in § € ©™ follows from our assumptions D and S. m

Proof of Theorem 3.1:

(A) For 6 € ©™, we know that

sup [[gn(0) < sup [|gn(Owso)ll + Sup IGus ()l x Op(n=1/2)
geon 0.,€0.,

IN

=g \f {1 g, (G )| + 1M (Brso) — 0 (Brs0) | + [ (Buso) |} + Op(n™1/2) x

x sup {[|Gns(0) = B[Gns (O]l + [|M5(0) — M (O)[1/v/n + | M (O)|/v/n + |M(65)]]}

fcoOn
- % {{0p(1) +0(1) + Op(1)} + {op(1) + 0p(n™ /%) + Op(n™%) + Op(1)} }
— Op(n1/?) (A.5)

by using assumptions ID, S (iii) and (iv.a), and assumption S (ii.b) respectively. Therefore, the
result follows directly from Lemma A.1(ii.a).

(B) For 6y = 0,,5» € O™ (as defined in the statement of the Theorem) it follows from assumptions

ID, S(ii.b) and (iii) that

Vga(o) = Vnga(Buso) + M(6)ds + 0,(1)
= \/ﬁ(gn(owso) - E[gn(aws“)]) + mw(awso) + M(ag)ds + O;D(l)

d w ~
S W (Ous0) + [M™ (Ouso) + M(02)ds] = G0, ds). (A.6)
The result then directly follows from Lemma A.1(ii.b) and assumption S(iv.b). m
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Proof of Lemma 4.1:
The first-order asymptotic behavior of £M,, 1 2 ((910, OEL) 7L im (010, 058), kEL i (010, HEQL))
is given in Theorem 6 of GS-05. To see the consequences of replacing 0ZF by §n2, first note that

under the assumptions of this lemma,

Vi (05F —8.2) = 0p (1), (A7)

Vi (65— 69) = 0p(1) (A.8)

(see, for e.g., Theorem 1 of Qin and Lawless (1994) and Lemma A1l of Stock and Wright (2000)).
This implies that all the results in Lemma-2.1 and Corollary-2.2 hold irrespective of whether 0ZF
or é\ng is used for # when 6; = 0, as specified by this lemma.?”

For the sake of completeness, now let us consider the relevant Op(1) components of the statis-
tic £M,,1.2 ((emﬁm);wmi,n(em,§n2), nEL’i,n(ew,@ng)) one by one. We show below that these
components are asymptotically equivalent (up to op(1)) with the corresponding components of the
statistic £, 1.2 ((910, OEL); TEL,in (010, 0EL), KEL,in (010, OEQL))

Guided by (A.8), consider any 6,5 such that \/n(0,2—603) = Op(1). The asymptotic equivalence
is trivial for the weighted averages that are not scaled up (multiplied) by y/n, i.e., for élsn(oloa 0n2),
Gosn (610,0n2), Yoiy TEL,i,n(0)Vi(B10, On2) and ‘719(910, Qng)ffg;l(ew, 0,,2) (the first three are defined

in Lemma-A.1). This holds by virtue of boundedness and continuity of their non-random probability

limits. So we focus on the sclaed up terms \/ng, (610, 0n2) and \/ﬁélsn (610, 0n2):

Vngn(010,0n2) = Vngn(610,69) + M2s(02)v/n(0n2 — 69) + op(1) (A.9)
—_——
key term
\/ﬁélsn(olﬂa 977,2) = \/E’U@C(len(@lo, 9112)) - ‘71_17(910» 98)‘7;];1 (9103 gg)\/ﬁgn (910, 0n2)

= [Vnvec(Grun(610,635)) — Vlg(910,9g)vg;1(910, 09)v/ngn (010,63)]

+ 912810, 09) — Vg (810, 09) Vg (910, 09) Moo (69)] V(02 — 0) + 0 (1)
~—_————
key term

(A.10)

where QSU) (010, 609) is a kp1y, X pas matrix containing the last pas columns of the kpy, X ps matrix
Giw(010,09). As can be scen from (A.9) and (A.10), both /ngn (610, 0n2) and /nGie (610, 0n2)
remain asymptotically equivalent (up to op(1)) when 6y is replaced by 0ZF or 0,2 once we note

(A.7) and (A.8). m

2"The main reason behind this is that the remainder terms that are explicitly considered in Lemma-2.1 and Corollary-
2.2 remain of the same order.
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Remarks: Note that when, additionally, p1,, = 0, one can replace 8% by any 6,5 such that
V(0,2 — 09) = Op(1). This is because, in the absence of the term \/ﬁélsn(Qlo, 0,2), the only ef-
fect of this replacement is on \/ng, (619, 0n2). However, by virtue of the C'(a) form, the occurrence
of \/ngn (610, 0n2) is always (immediately) preceded by N (‘7;]?]1/2/ (0°) Mo, (90)> ‘N/g_;l/Q/ (6°)+op(1).
Hence the dependence of (A.9) on /n(6,2 — 69) vanishes up to order op(1). This was the original

justification behind Neyman’s C(«a) form.

Proof of Theorem 4.2: Unlike in the case of Theorem 3.1, here we provide more details for
the proof because, to our knowledge, this proof for the GEL family has not yet appeared in any
published papers.

(i) First, by taking 6,, = 02 and ds = 0 i.e., for 0,s» = 6°, we note from Lemma A.1(ii.b), (A.6)

and Assumption S(iv.b) that

LMy, 1.2 (6% WG(QO),WV(QO))

0,0V, ()P (N (Vi (0)Ga(6) Vg7 (00)Ga(8%)) V¥ (6°)3160,0),

where, by construction, §(69,0) := ¥,(6°) is independent of G,(6°) and G5(6°). Note that for
1=1,2, Gy(6°) := [\T/l_g(ﬂo),Ml(Gg)] where \Tll.g(ﬁo) is a k x p;, matrix such that vec(\f’l‘g(eo)) =
U, ,(0%) and Cov(¥,(0°), ¥, ,(0°) = 0 by construction (element-by-element). Therefore, from
Assumption S(ii), it follows that £90,, 1.2 (6% 7¢(6°), 7V (6°)) 4 X3, conditional on ¥y ,(6°) and
\112,9(90), and hence unconditionally. Hence, conditional on the event that Ca, (1 — 7,6?) contains
69, infg,ce,, (1-r,00) £Mp 1.2 ((69,62); 7C(69,602), 7V (67,02)) < £, 1.0 (0% 79 (6°), 7V (6°)) where
the RHS has just been proved to converge in distribution to a central X?n distribution. Under
the condition of the theorem, the event that Ca,(1 — 7,69) contains 69 occurs with probability
approaching 1 — 7 (at least). Therefore, a simple application of the Bonferroni inequality gives that
the asymptotic size of the projection-based GEL score test cannot exceed 1 —(1—7)(1—«) < 7+a.

(i) If py = 0, i.c., if 6 = 61, and 6y = By, then for any 6, := (04, 05.) where 05, = 09 +dy/\/n

for some dy = Op(1) (not required to be fixed), we know from Lemma A.1(ii.a), Assumption S(iv.b)
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and a mean-value expansion of \/ng,(f,) (around (04,,09.) and using Assumption ID(ii)) that

M1.2 (007 0). 7" (01))

(G (B01, 08) + Ma(60)da] Vg 72(00)P (N (Vg2 (6°)Ma(62) ) Vg '/ (6) M (6)) Vi % (6°)

X [Gn(001,69) + Ma(62)ds] + 0,(1)

0 (001, 09) Vg 2 (0°)P (N (Vg /% (6°)M2(602) ) Vigg /% (6°)M(69) ) Vigg % (6°)3 (001, 09) + (1)

(A.11)

because N (Vg_gl/g/(HO)Mg(OSD \/921/2/(00)M2(02)d2 = 0. The most important thing to note here
is that y/n-deviation (random or non-random) from the true value 69 of the nuisance parameter
does not matter asymptotically, i.e., it does not matter asymptotically if we replace 6 by the true
69 or any pg,s x 1 vector in its y/n-neighborhood — a feature of the C'(«) form of the statistic used in
this paper. As a consequence, a test that replaces 62 by any pos x 1 vector in the y/n-neighborhood
of 9 is asymptotically equivalent to the infeasible test (that uses the unknown 69) defined in the
statement of the theorem.
Now since Cap(1 — 7,0p1) € OF, is assumed to be non-empty and inside ©F almost surely, by
construction, 65(6y;) = arginfo,cc,, (1-7,001) £Mn,1.2 ((901,02);WG(901,02),7TV(901,02) is inside
7. almost surely. Hence, except in the negligible set (with probability 0), by definition of ©%,
there exists a {dg;{n(ﬂm)}n = Op(1) such that 0f(6y1) = 69, + dg;fn(ﬁm)/\/ﬁ. Therefore, the

asymptotic equivalence with the infeasible test follows from (A.11). =
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Specifications Score tests
(n = 100) 25-GMM EEL Hybrid EL Hybrid
kK p Moments 1 2 3 1 2 3
Skew Strength

2 0 high none 9.7 9.0 144 145|144 145 9.7
2 0 high weak 9.2 84 139 134|139 134 89
2 0 high  strong 9.9 94 134 128|134 12.8 99
2 .5 med none 9.3 6.6 16.2 134 ]16.2 134 6.8
2 .5 med weak 6.4 79 132 134|132 134 74
2 .5 med strong 7.1 79 139 135|139 135 179
2 9 low none 13.9 5.6 19.7 10.1|19.7 10.1 5.7
2 9 low weak 9.4 6.4 15.0 10.2 | 15.0 10.2 6.4
2 9 low strong 5.2 5.1 10.0 9.3 |10.0 93 54
4 0 high none 13.3 11.4 24.0 219|232 21.8 125
4 0 high weak 14.3 11.9 23.0 20.7|222 20.1 133
4 0 high strong 17.9 15.4 228 19.6 | 22.8 204 16.6
4 .5 med none 17.9 85 31.1 206|322 212 94
4 .5 med weak 7.6 10.2 21.6 19.9 | 24.0 21.7 10.2
4 5 med strong 7.8 104 19.9 20.0 | 20.1 19.6 10.2
4 9 low none 39.4 5.7 51.0 144|495 145 7.2
4 9 low weak 18.0 5.5 30.9 14.2|30.5 143 6.5
4 9 low strong 6.8 56 169 14.1|16.6 13.2 5.8
8 0 high none 16.8 13.8 36.8 34.8 | 36.6 33.8 17.5
8 0 high weak 26.5 19.6 39.2 339|394 34.1 23.2
8 0 high  strong 36.0 274 40.8 32.6 | 40.3 32.2 29.0
8 .5 med none 35.6 12.6  55.0 37.1 | 56.6 36.0 134
8 .5 med weak 9.2 14.2 369 356 |39.2 371 17.0
8 .5 med strong 10.9 149 349 3501356 351 16.7
8§ .9 low none 79.8 6.1 84.3 26.5|84.2 273 1.7
8 9 low weak 38.0 5.8 604 259|605 264 7.7
8 9 low strong 9.9 51 323 25.0| 315 243 6.8
16 0 high none 24.9 17.2 581 552|255 29.6 29.5
16 0 high weak 55.6 309 63.9 54.8|36.2 474 33.2
16 0 high strong 72.4 46.8 69.2 58.7| 519 61.9 40.6
16 .5 med none 63.6 17.7 66.0 57.3|21.7 787 31.6
16 .5 med weak 13.7 24.1 572 584 | 27 348 32.7
16 .5 med strong 19.3 22.8 584 58.1 (283 249 322
16 .9 low none 99.3 7.1 69.7 50.7|11.9 99.6 20.5
16 .9 low weak 70.8 5.2 704 50.0| 104 835 18.2
16 .9 low strong 17.2 54 56.6 489 | 10 34 17.3

Table 1: DGP-I: Finite-sample rejection rate (in %) of the true parameter value by score tests for
Hy : 6 = 0y with nominal level 5%. Number of Monte-Carlo trials is 5000.
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Specifications Score tests
(n = 1000) 25-GMM EEL Hybrid EL Hybrid
kK p Moments 1 2 3 1 2 3
Skew Strength

2 0 high none 5.4 51 69 65|59 64 6.6
2 0 high weak 5.7 55 68 66 | 56 66 6.4
2 0 high  strong 5.5 55 56 55 | 51 58 56
2 .5 med none 7.9 54 88 64 |49 84 58
2 .5 med weak 6.3 6.3 79 71 | 55 72 64
2 .5 med strong 4.8 53 56 58 | 54 58 59
2 9 low none 13.5 51 143 56 | 5.0 139 54
2 9 low weak 8.6 51 94 55 | 49 87 53
2 9 low strong 4.6 47 52 51 | 47 49 5.1
4 0 high none 6.1 5.8 79 77|61 82 79
4 0 high weak 6.6 65 77 74|61 78 738
4 0 high strong 7.1 70 69 69|69 68 6.6
4 .5 med none 14.8 59 177 74 | 64 175 7.8
4 .5 med weak 7.3 69 116 79 | 6.1 108 7.3
4 .5 med strong 5.1 59 74 68 | 6.0 67 64
4 9 low none 35.5 47 370 54 | 48 373 5.5
4 9 low weak 16.3 51 185 58 | 4.8 182 5.5
4 9 low strong 6.5 53 77 6.0 | 56 79 6.3
8 0 high none 6.3 6.4 10.1 103 | 6.5 11.0 104
8 0 high weak 8.6 83 10.3 10.0| 84 9.7 93
8 0 high  strong 11.0 105 86 83 |10.8 89 8.6
8 .5 med none 28.5 6.7 349 99 | 6.3 338 89
8 .5 med weak 10.3 79 196 104 | 85 20.3 10.3
8 .5 med strong 5.0 78 10.8 9.0 | 7.8 106 8.9
8§ .9 low none 75.0 5.1 770 6.6 | 4.8 76.7 6.2
8 9 low weak 37.8 6.0 421 74 | 56 40.8 7.1
8 9 low strong 9.7 5.5 126 7.0 | 5.6 129 7.2
16 0 high none 9.1 8.6 185 179| 9.3 85 87
16 0 high weak 16.9 16.1 164 153 |16.2 84 82
16 0 high  strong 24.3 22.8 150 13.1 242 83 7.8
16 .5 med none 54.0 81 644 143 | 9.0 546 9.1
16 .5 med weak 14.4 12.6 375 15.1 | 11.6 25.7 8.1
16 .5 med strong 6.4 136 171 13.7|136 7.7 7.1
16 .9 low none 98.5 5.0 98.8 80 | 6.2 985 6.1
16 .9 low weak 70.0 56 76.2 80 | 5.7 712 54
16 .9 low strong 14.2 4.8 220 80 | 5.7 171 59

Table 2: DGP-I: Finite-sample rejection rate (in %) of the true parameter value by score tests for
Hy : 6 = 0y with nominal level 5%. Number of Monte-Carlo trials is 5000.
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Specifications Score tests
25-GMM EEL EL
n k Hybrid-1 Hybrid-2 Hybrid-3 | Hybrid-1 Hybrid-2 Hybrid-3

100 3 15.8 18.5 25.5 20.5 21.9 15.4 13.6
100 10 31.8 25.8 54 42.5 41.3 35.3 25.3
200 3 13.2 16.2 20.2 15.9 18.5 12.3 10.5
200 10 28.3 39 46.1 32.9 46.7 23.1 19.1
500 3 9.8 12.4 14.4 11.8 13.2 9 7.7
500 10 21.9 38.7 34.3 23.6 414 16.6 13.6
1000 3 8.8 10.8 11.8 10.1 11.3 7.8 7
1000 10 18.9 33.9 27.9 19.2 35.4 12.6 10.9

Table 3: DGP-II: Finite-sample rejection rate (in %) of the true parameter value by score tests for
Hy : 6 = 0y with nominal level 5%. Number of Monte-Carlo trials is 5000.

Score tests Infeasible
n 010 — Y | 25-GMM  EEL Hybrid-2 (3) EL Hybrid-2 (3) estimated
(EL 62) (2S-GMM 6,) | Asym. Power

100 -1 99.7 97.5 - 99.5 99.9
100 -0.8 98.6 92.5 - 97.6 97.9
100 -0.6 93.4 78.4 - 91.2 85.1
100 -0.4 76.2 50.9 - 72.6 51.6
100 -0.2 42.1 20.3 - 39.1 17.0
100 0 10.6 7.8 11.9 13.0 5

100 0.2 6.6 21.8 - 26.1 17.0
100 0.4 34.4 57.4 - 68.4 51.6
100 0.6 74.4 76.4 - 94.7 85.1
100 0.8 92.3 62.5 - 99.8 97.9
100 1 96.2 37.8 - 100.0 99.9
1000 -0.3162 99.3 99.3 96.6 97.1 99.9
1000 -0.253 96.9 97.6 90.4 91.6 97.9
1000 -0.1897 86.9 91.2 74.9 76.4 85.1
1000 -0.1265 60.5 73.1 46.7 48.1 51.6
1000 -0.0632 25.6 39.5 18.0 18.9 17.0
1000 0 6.2 11.9 6.4 6.8 5

1000  0.0632 11.4 15.8 20.4 21.3 17.0
1000 0.1265 45.1 33.2 59.9 61.1 51.6
1000  0.1897 85.6 24.8 91.6 92.0 85.1
1000  0.253 98.5 8.9 99.5 99.5 97.9
1000  0.3162 100.0 1.5 100.0 100.0 99.9

Table 4: DGP-III: Finite-sample rejection rate (in %) of score tests for Hig : 1 = 019 with nominal
level 5%. In columns 5 and 6 we plug-in 03, (619) obtained from EL and 2S-GMM respectively in the
EL Hybrid-2 score statistic. Number of Monte-Carlo trials is 5000.
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nominal level

Plug-in vs Projection-based score tests with 2S-GMM (1 — 7) CI

a = 5% 25-GMM EEL Hybrid-2 (3) EL Hybrid-2 (3)

n O—6) | plug-in 7=5% 7=1% | plug-in T=5% 7=1% | plugin T=5% T=1%
100 -1 99.7 99.3 98.4 97.5 96.3 95.2 99.5 99.4 98.9
100 -0.8 98.6 96.9 93.7 92.5 89.5 87.0 97.6 96.7 95.2
100 -0.6 93.4 87.7 79.2 78.4 72.3 67.3 91.2 88.7 83.5
100 -0.4 76.2 64.0 50.4 50.9 42.9 37.6 72.6 64.9 55.4
100 -0.2 42.1 28.6 18.1 20.3 15.2 12.2 39.1 29.3 21.3
100 0 10.6 6.1 2.9 7.8 5.6 4.6 13.0 7.7 5.4
100 0.2 6.6 6.1 6.0 21.8 18.6 17.9 26.1 20.5 20.1
100 0.4 34.4 34.4 34.4 57.4 50.8 48.5 68.4 63.8 63.6
100 0.6 74.4 74.4 74.4 76.4 66.5 61.6 94.7 93.4 93.4
100 0.8 92.3 92.3 92.3 62.5 49.0 43.1 99.8 99.8 99.8
100 1 96.2 96.2 96.2 37.8 23.2 18.5 100.0 100.0 100.0
1000 -0.3162 99.3 99.3 99.1 99.3 97.6 92.9 97.1 96.1 94.9
1000  -0.253 96.9 96.3 95.7 97.6 93.4 84.7 91.6 88.1 86.1
1000 -0.1897 86.9 84.9 83.1 91.2 81.5 68.4 76.4 71.1 67.1
1000 -0.1265 60.5 57.3 53.8 73.1 56.9 41.4 48.1 42.3 37.5
1000 -0.0632 25.6 23.2 20.6 39.5 24.7 14.8 18.9 14.9 12.4
1000 0 6.2 5.6 4.8 11.9 6.1 3.1 6.8 4.8 4.0
1000 0.0632 11.4 11.4 11.3 15.8 7.4 5.8 21.3 18.8 18.8
1000 0.1265 45.1 45.1 45.1 33.2 16.0 13.0 61.1 58.2 58.2
1000  0.1897 85.6 85.6 85.6 24.8 13.3 11.1 92.0 90.8 90.8
1000 0.253 98.5 98.5 98.5 8.9 5.1 4.3 99.5 99.4 99.4
1000  0.3162 100.0 100.0 100.0 1.5 1.0 0.8 100.0 100.0 100.0

Table 5: DGP-III: Finite-sample rejection rate (in %) of Projection-based score tests for Hyg : 61 = 619
with nominal level a« = 5%. Asymptotic size cannot exceed o + 7. Number of Monte-Carlo trials is
5000. (Since we could not reliably find the power when n = 100 by plugging-in the EL estimator of
0o, the results for plug-in-EL are with the 25-GMM estimator plugged-in.)
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610 — 69 k=2 k=4 k=38 k=16
EL EEL EL EEL EL EEL EL EEL
1 3 1 3[1 3 1 3[1 3 1 3[1 3 1 3
-5 24 25 29 29[25 29 34 35[21 28 30 3119 32 22 24
45 |23 24 28 28|25 29 34 34|21 28 29 30|19 32 21 23
-4 23 24 27 27|25 28 33 34[20 28 28 29 (19 31 21 22
35 |22 23 25 25|24 27 32 32|20 27 27 28|18 31 21 22
-3 21 22 24 24(23 26 30 31|19 26 27 27|18 31 20 21
25 |20 20 22 22|22 25 28 29|19 25 25 26|18 31 18 20
-2 18 19 20 20|20 23 26 26|18 24 23 23|17 30 17 18
-15 |16 16 17 18|17 20 22 22|16 22 20 21|17 28 15 15
-1 12 13 14 14|14 16 17 18|13 18 16 16|15 26 12 14
-0.5 8 9 8 89 11 9 9|10 14 10 10|13 23 7 8
0 5 5 5 5|6 8 4 4|7 10 5 5|11 19 5 5
05 |18 19 24 24|20 23 26 26|17 23 24 25|17 29 17 18
1 61 61 75 75|39 44 50 51|26 36 37 38|21 38 23 25
1.5 |63 65 76 76|37 43 44 45|23 32 30 30|18 34 17 18
2 56 57 69 69|38 44 52 53 25 34 37 39|22 37 24 26
25 |50 52 63 63|39 45 53 5426 35 42 43|21 37 29 31
3 47 48 59 5939 44 54 54|27 35 43 44|21 37 30 32
35 |44 45 55 55|38 43 53 53 |27 35 43 44 |21 37 32 33
4 42 44 53 53|37 42 52 53|27 35 44 45|21 37 31 33
45 |41 42 51 5136 41 51 52|27 35 44 45|21 37 31 33
5 40 41 49 49|36 41 51 51|27 35 44 44|21 37 31 32
0.1 |64 65 74 74|82 8 93 93|83 90 96 96|76 92 97 98
-0.09 |55 57 65 65|75 79 86 86|76 84 92 92 |70 83 94 94
-0.08 |47 48 55 56 |66 7O 77 77|67 77 84 84|62 82 88 89
-0.07 |38 40 45 45|55 60 66 66 |57 67 T4 75|53 T4 79 80
-0.06 |30 31 36 36|43 49 54 54|46 56 59 60 [ 43 64 65 65
-0.05 |23 24 26 26|33 38 41 41 |34 44 47 47|34 53 49 51

-0.04 16 17 18 18 |23 26 29 29|24 32 33 34|25 42 34 35
-0.03 12 12 12 13|15 18 18 19|17 23 22 22|18 31 20 22
-0.02 8 9 8§ 8|10 12 10 10|11 15 11 12|12 22 11 11
-0.01 6 6 6 6|6 8 5 5|8 12 6 6 |10 17 5 6

0 5 5 5 5|6 7 4 4|6 10 4 4|8 15 3 4
0.01 6 6 5 5|6 8 5 5|8 11 5 6|9 17 5 6
0.02 8 9 6 610 12 9 10|11 15 11 11|12 22 10 11
0.03 12 13 13 13|15 18 18 18|16 23 20 20|17 30 19 21
0.04 17 18 23 23|23 27 29 30|25 32 33 33|25 41 33 35

0.05 24 26 31 32|34 38 42 43 |34 43 47 48|33 52 48 50
0.06 34 35 45 45|45 50 57 57 |45 56 62 62|43 63 65 66
0.07 44 46 56 56 |56 62 70 70 |57 68 75 75|53 T3 78 79
0.08 55 57 67 68 |69 73 81 81|68 78 8 86|62 82 88 &9
0.09 66 68 80 80 |79 82 91 91|77 8 93 94|70 89 95 96

0.1 75 77T 87 88|18 89 96 96 |8 92 98 98 |77 93 98 98

Table 6: DGP-IV: Finite-sample rejection rate (in %) of the EEL and EL Hybrid-1 (respective 1st
columns) and Hybrid-3 (respective 2nd columns) score tests (GS-05) for Hyg : 61 = 619 with nominal
level 5%. Number of Monte-Carlo trials is 5000 and identification. In the upper panel the moment
conditions are weak for #; and the in the lower panel they are strong.



Specifications EL Hybrid-3 tests using plug-in and projection for nuisance parameter 6o
(n =1000,k = 4) plug-in 02, (010) from
Moments 619 — 6Y | EL estimator | 25-GMM estimator | (1 — 7) 2S-GMM confidence region for s

for 6, a=5% a=5% a=4.5%,7 =.5% a=5%,7=5%
weak -5 29 34 31 33
weak -4.5 29 34 31 33
weak -4 28 33 30 32
weak -3.5 27 32 29 31
weak -3 26 30 28 30
weak -2.5 25 28 26 27
weak -2 23 26 24 25
weak -1.5 20 22 21 22
weak -1 16 18 15 17
weak -0.5 11 9 8 9
weak 0 8 4 3 3
weak 0.5 23 26 24 25
weak 1 44 50 43 46
weak 1.5 43 44 32 36
weak 2 44 52 43 47
weak 2.5 45 53 46 50
weak 3 44 53 47 51
weak 3.5 43 53 47 50
weak 4 42 52 46 49
weak 4.5 41 51 45 49
weak 5 41 51 45 48
strong -0.1 86 89 87 89
strong -0.09 79 82 80 82
strong -0.08 70 73 70 72
strong -0.07 60 61 58 60
strong -0.06 49 50 47 49
strong -0.05 38 37 35 37
strong -0.04 26 26 24 26
strong -0.03 18 17 16 17
strong -0.02 12 11 9 10
strong -0.01 8 7 5 6
strong 0 7 5 4 5
strong 0.01 8 7 6 6
strong 0.02 12 10 9 10
strong 0.03 18 17 15 17
strong 0.04 27 27 24 26
strong 0.05 38 39 37 39
strong 0.06 50 52 50 52
strong 0.07 62 66 63 65
strong 0.08 73 7 75 7
strong 0.09 82 86 85 86
strong 0.1 89 92 91 92

Table 7: DGP-IV: Finite-sample rejection rate (in %) of nominal-level-ae EEL Hybrid-3 score test for
Hyp : 01 = 019 using as plug-in the estimator of f3 obtained by EL (in column 3) and 2S-GMM (in
column 4), and the (74 «) projection-based EL Hybrid-3 score test using a 2S-GMM confidence region

of 65. Number of Monte-Carlo trials is 5000. 13



